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We proposea new explicit control algorithm for drag reduction in wall-
turbulence,whichrequiresthestreamwisewall-shearsignalonly. Thecostfunction
is designedto reducethenear-wall Reynoldsshearstressthat is responsiblefor the
turbulentskin friction drag[K. Fukagata,K. Iwamoto,andN. Kasagi,Phys.Fluids
14, L73 (2002)].Thesolutionto minimizethecostfunctionis derivedby usingthe
suboptimalcontrol techniqueappliedto the Stokesequation[C. Lee, J. Kim, and
H. Choi, J. Fluid Mech. 358, 245 (1998)]. Numericaltestshows over 10% drag
reductionin turbulentpipeflow atReτ

� 180.

1. Intr oduction
For a successfuldevelopmentof an active feedbackcontrol systemfor dragreductionin

wall-boundedturbulent flow, the effectivenessof the control algorithm used,as well as the
performanceof thehardwarecomponentssuchassensorsandactuators,is of greatimportance.

Controlalgorithmsmaybeclassifiedinto to types— explicit andimplicit algorithms.What
we call heretheexplicit algorithmis onein which thecontrol input,φ, canbegivenexplicitly,
e.g, φ � F

�
s ��� wheres is the sensorinformationandF is a mappingfunction. On the other

hand,the implicit algorithm,suchasthe optimal control (e.g.,Bewley et al., 2001),requires
iterativeproceduresto determinethecontrolinput. While suchimplicit algorithmsareusefulto
explorethepossibilityof dragreductioncontrol,theexplicit algorithmsaremoresuitedto real
applicationsin which real-timecomputationis required.

In thelastdecade,variousexplicit controlalgorithmweredevelopedandassessedby using
directnumericalsimulation(DNS)of controlledturbulentflow. Choietal. (1994)proposedso-
calledtheoppositioncontrolin thatblowing/suctionvelocity is givenat thewall soasto oppose
the velocity componentsat a virtual detectionplanelocatedabove the wall. They attained
about25 % dragreductionin their DNS of turbulent channelflow at low Reynoldsnumbers.
Subsequently, severalattemptsweremadeto developcontrolalgorithmsusingthe information
measurableat thewall. Leeet al. (1997)useda neuralnetworkandobtainedanalgorithmin
which thecontrol input is givenasa weightedsumof thespanwisewall-shearstress,∂w � ∂y � w.
Leeet al. (1998)derivedseriesof analyticalsolutionof thecontrol input to minimizethecost
function in theframework of thesuboptimalcontrol. Their DNS of channelflow at Reτ
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Figure1: Raw andweightedReynoldsstressdistribution (Fukagataet al., 2002).

showed16-22%dragreductionwhen∂w � ∂y � w (in this case,thecontrol law is quitesimilar to
thatobtainedby usingtheneuralnetworkmentionedabove) or thewall pressure,pw, wasused
asthesensorsignal.

From the practicalpoint of view, it is desirableto usethe streamwisewall-shearstress,
τw � ∂u � ∂y � w, or pw (or both)asa sensorsignalbecausea streamwisewall-shearstresssensor
(Yoshinoetal., 2003)andawall pressuresensor(Löfdahletal., 1996)of sufficiently smallsize
andhigh frequency responsearebecomingavailable.For theuseof pw, in additionto thework
by Leeetal. (1998),Koumoutsakos(1999)presentedanalgorithmtosuppressthevorticity flux,
andsucceededto reducethefriction dragin his DNS.For theuseof τw, however, development
of effective algorithmhasremainedunsuccessful.Actually, Leeet al. (1998)mentionedabove
alsopresenteda suboptimalsolutionaiming at reductionof τw. This algorithmusesτw asthe
sensorsignalonly, but thefriction drag(i.e.,τw) wasnot reducedby thatalgorithm.

Veryrecently, Leeetal. (2001)appliedatwo-dimensionallinear-quadratic-Gaussian(LQG)
controllerto a linearizedNavier-Stokesequation.About 10 % dragreductionwasattainedin
their DNS of a channelflow at Reτ

� 100. They alsoattained17 % dragreductionby making
anad hoc extension.Morimotoetal. (2002)assumedthecontrolinputasaweightedsumof τw

andoptimizedtheweightsby usingthegeneticalgorithm(GA). Themostexcellentgene,i.e.,
thepatternof weights,led to 12 % dragreductionin a channelflow at Reτ

� 100. However, it
is uncertainwhetherthetwo-dimensionalcontrolleror GA-optimizedcontrolleris theoptimal
one,becausethey dependon theprescribedassumptions.Therefore,in the presentstudy, we
attemptto analyticallyconstruct,withoutassumptions,analgorithmwhichusesτw only.

2. Theoretical background
Undertheconditionof constantflow rate,theskin friction drag,C f � τ 	w ��
 � 1� 2� ρ 	 U 	 2b � , in

fully developedchannelandpipeflowscanbedecomposedas

C f � 12
Reb



12
� 1

0
2
�
1 � y � � � u� v��� dy (1)
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Figure2: Variationof weightedReynoldsstressdistributiondownstreamof theonsetof control
(Fukagata& Kasagi,2003).

and

C f � 16
Reb



16
� 1

0
2r u�ru�z rdr , (2)

respectively (Fukagataet al., 2002). Here,all variableswithout superscriptare thosenondi-
mensionalizedby thechannelhalf width, δ 	 , or thepipe radius,R 	 , andtwice the bulk mean
velocity, 2U 	b , whereasdimensionalvariablesare denotedby the superscriptof � . The bulk
Reynoldsnumberis definedas

Reb � 2U 	b δ 	
ν 	 , or Reb � 2U 	b R 	

ν 	 , (3)

Equations(1) and(2) indicatesthattheskin friction coefficient is decomposedinto thelaminar
contribution that is identicalto the well-known laminarsolution,anda turbulent contribution
which is proportionalto the weightedintegral of Reynoldsshearstress. Figure1 shows the
Reynoldsstress,u�ru�z, andtheweightedReynoldsstressappearingin Eq. (2) (i.e.,2r2u�ru�z), in a
pipeflow controlledby theoppositioncontrolalgorithm(Fukagataetal., 2002).Thedifference
in theareascoveredby thesetwo (controlledanduncontrolled)curvesof theweightedReynolds
stressis directly proportionalto thedragreductionby control. It is clearthatmostof thedrag
reductionis attributedto thesuppressionof near-wall Reynoldsstress.

Another observation in Fig. 2 is that the Reynolds stressfar from the wall is also sup-
pressed,althoughwhatis directly suppresseddueto theformationof a virtual wall (Hammond
et al., 1998)shouldbe thenear-wall Reynoldsstressonly. This canbeexplainedby a gradual
propagationof thedrasticchangeof near-wall Reynoldsstress,which is similar to thatobserved
in thepipeflow with theoppositioncontrolappliedpartially to wall (Fukagata& Kasagi,2003),
asillustratedin Fig. 2. At thebeginningof controlledregion (z � u � 200),theprofile nearthe
wall (y � u � 40) drasticallychangesdue to the direct suppression.Then, the distribution far
from thewall changesgraduallyfollowing thequick changein thenear-wall region. Although
thecontrolinput in thisexampleis turnedon in space,asimilarphenomenais expectedwhenit
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Figure3: Correctionfactor, F
�
m � kz � (C � 0� 0013).

is turnon ata certaintime to anfully developeduncontrolledflow.

3. Derivation of the control algorithm
Theabove-describedknowledgesuggeststhatsuppressionof thenear-wall Reynoldsshear

stressis of primaryimportancein orderto reducetheskin friction drag.Oncethethenear-wall
Reynoldsshearstressis suppressed,its propagationtoward the directionfar from the wall is
alsoexpectedfor anadditionaldragreduction.Therefore,weproposea costfunctional� to be
minimizedasfollows:

� � φ ��� �
2A∆t

�
S

� t � ∆t

t
φ2 dt dS � 1

2A∆t

�
S

� t � ∆t

t

� � u� v� � y � Y dt dS . (4)

Here,φ denotesthecontrol input, i.e., theblowing/suctionvelocity at thewall, A is theareaof
wall, ∆t is thetime-spanfor optimization,and � is thepricefor thecontrol.

At first, a channelflow is consideredfor simplicity. The Reynoldsshear-stressabove the
wall (y � Y ) is approximatedby usingtheTaylorexpansionas,

u� � Y ��� Y
∂u�
∂y w


�� �
Y 2�

v� � Y ��� φ 
�� �
Y2 �

����� u� v� � Y � ��� Yφ
∂u�
∂y w


!� �
Y2 � . (5)

Substitutionof Eq. (5) into Eq. (4) yieldsanapproximatedcostfunctional,i.e.,

� � φ �"� �
2A∆t

�
S

� t � ∆t

t
φ2 dt dS � Y

2A∆t

�
S

� t � ∆t

t
φ

∂u�
∂y w

dt dS . (6)

Thecontrol input, φ, thatminimize thecostfunctional,Eq. (6), canbecalculatedanalyti-
cally by theprocedureproposedby Leeetal. (1998).As theresult,thesuboptimalcontrolinput
is obtainedas

φ � C
1� λ � ikx � k

∂u
∂y

w

, (7)

126



(a)#

-40-30-20-10 010203040

z+u

-200-100 0 100200300400500

x+u

-0.4
-0.2

0
0.2
0.4
0.6
0.8

1

W

(b)

-40-30-20-10 010203040

z+u

-200-100 0 100200300400500

x+u

-0.4
-0.2

0
0.2
0.4
0.6
0.8

1

W

Figure4: Thenormalizedweightsin thephysicalspace:(a) λ � 7; (b) λ � 73.

wherehat denotesthe Fourier componentand k � k2
x



k2
z . Thereare two parametersin

this algorithm: C � ∆t � 2Re is the amplitudecoefficient and λ � �
Y � 2� � 2Re � ∆t canbe

interpretedasaninformative downstreamlengthasexplainedbelow.
A similar algorithmcanbedevelopedalsofor a pipeflow. Following theprocedureby Xu

etal. (2002),we obtain

φ � C
1� λ � iF

�
m � kz � kz � k

∂uz

∂r
w

, (8)

wherem is theazimuthalmodenumberandk � k2
z



m2. Here,thelengthis nondimension-
alizedby R 	 , andhencekθ � �

2πm ��� � 2πR 	 ��� m. Thedifferencefrom thesolutionfor channel
flow is absorbedinto thecorrectionfactor, F

�
m � kz � , thatis expressed,by properlyapproximat-

ing themodifiedBesselfunctionof higherorders,as

F
�
m � kz � � k

kz

C
2



1
Im
�
kz �

I �m � kz � � C , (9)

whereIm
�
r � is them-th ordermodifiedBesselfunction, i.e., Im

�
r ��� � � i � mJm

�
ir � , andI �m � r � is

its derivative. Theamplitudeparameter, C, is usuallymuchsmallerthanunity. In thatcase,Eq.
(9), canbesimplifiedto read

F
�
m � kz ��� k

kz

Im
�
kz �

I �m � kz � . (10)

Theprofile of F
�
m kz � in thecasewith typical valueof C is drawn in Fig. (3). Thecorrection

factor is nearlyunity for higherwave numbers.Naturally, the largestdeviation is observedat
thelowestazimuthalwavenumber(m � 1). Althoughthedeviation is alsoobservedat smallkz,
largem modes,thismaynotmuchinfluencethecontrolinput becausekz � k is small.

Thederivedcontrolalgorithmscanbetransformedto thephysicalspacethroughthefollow-
ing inverseFouriertransform:

φ � W 	 ∂u
∂y

w

��� φ
�
x � z ���

� ∞

$ ∞

� ∞

$ ∞
W
�
x� � z� � ∂u

∂y w

�
x



x� � x 
 z� � dx� dz� , (11)

127



0

2

4

6

8

10

12

14

0 0.05 0.1 0.15 0.2

R
D
 [

%
]

φrms
+u

λ=7

λ=73

λ=728

λ=36
←

Figure5: Dragreductionrate,RD.

whereW 	 is the functionprecedingτw in Eqs. (7) and(8). This indicatesthat thecontrol in-
put of anactuatoris given by a weightedintegrationof τw aroundit. Theweight,W , hastwo
characteristics,asshown in Fig. 4 for thecaseof channelflow. Oneis somethinglike a nega-
tivespanwisesecondderivativeof τw. Theotheris theexponentialdecreasedownstreamof the
actuator, of which lengthscaleis determinedby λ. Theweightfor thepipeflow is foundto be
essentiallythesame.

4. Performancetest
Performanceof the proposedcontrol algorithm is testedby DNS of turbulent pipe flow.

TheDNS codeis basedon theenergy conservative finite differencemethodfor thecylindrical
coordinatesystem.(Fukagata& Kasagi,2002). Thetime integrationis doneby usingthe low
storagethird-orderRunge-Kutta/Crank-Nicolsonscheme(Spalartet al., 1991)The bulk mean
velocityUb is keptconstant,andtheReynoldsnumberis Reb � 5300(Reτ � u 	τR� ast � ν 	 � 180
for uncontrolledflow). The computationaldomainhasa longitudinal lengthof L � 20R and
theperiodicboundaryconditionsareappliedat bothends.Theroot meansquareof thecontrol
input,φrms, is keptconstant.

Figure5 shows thecomputeddragreductionratefor differentvaluesof λ andφ � u
rms. Here,

thesuperscriptof



u denotesthewall unit of uncontrolledflow. For any valuesof λ testedhere,
largedragreductionrateis obtainedwhenφ � u

rms is of orderof 0.1. This amplitudeis nearlythe
sameasthatof theoppositioncontrolwith thedetectionplaneheightof y � u

d
� 10. Theoptimum

valueof λ seemsto bebetween10-100.
Figure6 shows the Reynoldsshearstressnearthe wall. As canbe seen,with the present

control the near-wall Reynolds stressis suppressedas intended. More interestingly, it takes
negativevaluesin 0 � y � u � 5 region. Thissuggeststhatdrasticdragreductionmaybeattained
even if the near-wall turbulent structurecanbe manipulateddirectly. All we have to do is to
makea largely negative Reynoldsstressin thenear-wall layer. Developmentof themethodol-
ogy to realizethis is left for thefuturework.
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5. Conclusions
Basedon the knowledgeon the componentialcontribution to the skin friction (Fukagata

et al, 2002),analternative costfunctionalfor dragreduction,which incorporatethenear-wall
Reynoldsshearstress,wasproposedin the framework of thesuboptimalcontrol. The control
input to minimizethatcostfunctionalwasanalyticallyobtainedby usingthemethodproposed
by Leeet al. (1998).

DNS of pipeflow at Reτ
� 180with theproposedcontrolalgorithmshowed11-12%drag

reduction,which is a comparablevalueto thoseobtainedby usingthe two-dimensionalLQG
controller(Leeetal.,2001)andtheGA-basedalgorithm(Morimotoetal., 2002).Althoughthe
dragreductioneffect by thepresentalgorithmwassmall,theresultsgave a hint towardfurther
(anddrastic)dragreductionby manipulationat thewall only.
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