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ABSTRACT
In micro-scale biological assay systems, the mixing of bio-

molecules becomes a critical issue because of their small
diffusivity.  Chaotic features in a novel micro-mixer designed
for cell separation system based on magnetic beads (Suzuki and
Ho, 2002) is investigated in detail by means of numerical simu-
lation.  The mechanism and the optimum condition to lead the
motion of magnetic beads to chaos are clarified.  It is found that
the chaotic mixing would significantly facilitate the attachment
of magnetic beads onto bio-molecules, which practically do not
occur without an external perturbation.  Active micro-mixers
achieve rapid and efficient mixing even in the creeping flow re-
gime, which is not accomplished with the passive micro-mixers.

INTRODUCTION
The study of fluid flow and its control in micro-scale devices

has been an active area of research because of the growing de-
mand for the on-chip bio-chemical analysis systems, which are
often called µ-TAS (micro Total Analysis Systems) or Lab-on-a-
Chip (Manz et al., 1990; Burns et al., 1998; Oki et al., 2001).
Since most of chemical and biological reaction processes are per-
formed in liquid and suspension, the development of µ-TAS is
intrinsically related with the development of micro fluidic de-
vices (Ho, 2001).

In such small systems, the flow is unavoidably laminar due
to its low Reynolds number.  Conventional mixing schemes uti-
lizing turbulence or flow separation cannot be used when the
Reynolds number is less than ten.  Since molecular diffusion is
the only way to mix, it takes considerable time and thus limits
the performance of the device.  Especially in biological processes,
diffusion of bio-molecules such as cell, protein, enzyme, anti-
body, and nucleic acid becomes much less efficient than that of
water-soluble entities, since the diffusion coefficient due to the
Brownian motion is inversely proportional to the diameter of
suspended molecule (Einstein, 1905; Suzuki and Ho, 2002).
Therefore, an excellent convective mixing scheme is strongly
desired to enhance their reactions and thus to achieve rapid and
efficient operation.  Moreover, the reaction sites of bio-molecules
are not necessarily distributed uniformly, so that the continuous
stirring is preferred to further increase the chance of their colli-
sion.

In recent literatures, a number of micro mixing devices have
been reported.  They are divided into two categories, i.e., passive

and active mixers.  Passive mixers are those that require no extra
energy input except for the constant pressure difference to drive
the flow.  The principle “lamination” has been firstly experi-
mented, in which the flow is split into subsequent flows to re-
duce the diffusion length scale (Branebjerg et al., 1996; Möbius
et al., 1995).  More recently, the concept of “chaotic advection”
has been utilized, in which  a simple flow configuration in an
Eulerian frame produces highly complicated pattern in a
Lagrangian frame.  For instance, 3-D serpentine channel (Liu et
al., 2000) and herringbone-ridged channel (Stroock et al., 2002)
have been shown to produce chaotic mixing pattern.  The pas-
sive mixers have advantages in several regards, e.g., they work
for any kind of species to be mixed, and require no external per-
turbing mechanism.  However, the flow channel has to be three
dimensional to produce chaotic mixing, and even so, a relatively
long mixing length (>1cm) and large Reynolds number (Re>20)
are necessary.  Active mixers are defined as those that exert ex-
ternal, mostly time-dependent, perturbation over the flow field.
Chaotic advection has also been utilized for active mixers, re-
cently, to realize more rapid and efficient mixing.  Lee et al. (2001)
used a periodic pressure perturbation through the perpendicular
side channels to impose stretching and folding of the interface of
two streams.  Deval et al. (2002) employed the time-varying
dielectrophoretic force to induce chaotic motion on polymer par-
ticles suspended in water.

We proposed, fabricated, and tested a magnetic force driven
chaotic micro-mixer, in which magnetic beads are stirred by the
local time-dependent magnetic field (Suzuki and Ho, 2002).  In
molecular biology studies, magnetic beads (polymer micro
spheres containing iron oxide) coated with ligand or antibody is
used for selective separation of bio-molecules from the mixture.
The target bio-molecules are labeled by beads by the antigen-
antibody reaction, and then removed from the mixture with a
permanent magnet.  When this cell separation protocol is minia-
turized, mixing of magnetic beads and bio-molecules becomes
critically important, due to their very small diffusivity.  The mag-
netic mixer developed in this study is to enhance the probability
of attachment of the beads onto the target bio-molecules in the
micro-channel by means of chaotic advection.

In this paper, we examine the chaotic features of the mag-
netic micro-mixer and characterize its performance.  Dynamics
of magnetic beads is investigated in detail through numerical
simulation.  Finally, the comparison between passive and active
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mixers is discussed.

BASIC DESIGN OF MAGNETIC MICRO-MIXER
The conceptual diagram of the magnetic micro-mixer is il-

lustrated in Fig. 1(a).  It consists of micro-conductors embedded
in the silicon substrate and a micro-channel formed on its top.
The embedded high aspect-ratio conductors, which are fabricated
by deep RIE etching followed by copper electroplating, allow a
relatively large current (up to 1A) to generate a magnetic field
strong enough to move magnetic beads.  Two streams, i.e., bio-
logical fluid and magnetic bead suspension, flow in from respec-
tive inlets and meet together before the mixing region.  Then,
they are mixed to facilitate the biomolecule-bead conjugate.  For
the details of fabrication process, readers should refer to Suzuki
and Ho (2002).

A basic unit of magnetic filed source is very simple: when an
electric current is applied to a pair of parallel conductors, a mag-
netic field is generated so that the magnetic beads are attracted
toward them.  To estimate the magnetic force on beads, the mag-
netic field around the two infinite-long parallel conductors is
calculated by Biot-Savart law (Fig. 1b).  In micro-systems, the
scale of the section of conductors becomes comparable with that
of the device.  Thus, the section of conductor is divided into
small segments, and the magnetic field is calculated by integrat-
ing the contribution of each segment.  In the figure, x and z rep-
resent streamwise and wall-normal directions, respectively (x=0
at the center of two conductors), and two conductors, whose width
and depth are both 40µm, span at -60µm<x<-20µm and
20µm<x<60µm (shown as two squares).  When an electric  cur-
rent of 0.5A is applied, the maximum magnetic induction of 40
Gauss is achieved near the conductors.  Given the magnetic field
H, the magnetic force on a bead is calculated by

0(1 ) ( )m d r pN Vµ µ= − ⋅ ∇F H H (1)

where Nd is the demagnetizing factor (0.33 for a sphere), µ0 is

the permeability in vacuum, µr is the relative permeability, and
Vp is the volume of magnetic material.  When Fm is exerted, a
magnetic bead starts to move and settles at the terminal velocity:

/ 3p m pdπµ=u F

(2)

where µ is the viscosity of ambient fluid and dp is the diameter of
a bead.  Fm and up are calculated with the properties of magnetic
beads used in the experiment (Spherotech, CM-10) shown in
Table 1.  Magnetic properties are measured by VSM (Vibration
Sample Magnetometer; Digital Measurement System, VSM880).

In Fig. 2, x components of Fm and up at different z are plot-
ted.  The positive value represents the direction toward the cen-
ter of the two conductors (toward left).  It is shown that magnetic
beads are attracted to accumulate at the inside edges of the con-
ductors, where the plot of the magnetic force crosses the hori-
zontal axis (x~20µm).  The maximum force and velocity are de-
rived near the outside edge (x~60µm), and are 0.3pN and 25µm/
s, respectively.

STRATEGY OF CHAOTIC MIXING
In the previous section, it is shown that magnetic beads can

be manipulated with the local magnetic field generated by simple
micro conductors.  In this section, the strategy to realize an effi-
cient mixing of beads is discussed.

In designing a mixing device, the concept of chaotic advec-
tion becomes a powerful tool, with which the complicated mix-
ing pattern is realized even in creeping flows.  It is recognized
when the Lagrangian trajectory has a sensitive dependence on
initial condition (Ottino, 1989).  In such systems, the distance
between initially nearby trajectories diverge exponentially fast,
and the resultant state becomes unpredictable due to the ambient
noise.  It is known that even two-dimensional laminar flow can
be chaotic when the time-dependency is added as another di-
mension.  Stretching and folding of material element produce an
exponential growth of the interface, leading to the chaotic state.

In open flow systems, chaotic advection can be realized by
pushing and pulling the element between main flow and side
channels/cavities (Lee et al., 2001; Deval et al., 2002).  With

Fig. 1 (a) Conceptual diagram of the magnetic micro-mixer.
(b) Cross-section of the mixing region along the channel

showing magnetic field.
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Fig. 2 Magnetic force and induced velocity on a bead with
current of 0.5A.

Table 1 Properties of magnetic beads
(Spherotech, SPHEROTM CM-10).
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magnetic force, however, only an attractive force can be achieved,
so that magnetic beads pulled into the low velocity region (e.g.
side cavity) will not come back to the high velocity region, and
remain stuck there.

In Suzuki and Ho (2002), we demonstrated that the chaotic
motion of magnetic beads can be achieved with a two dimen-
sional serpentine channel and phase shift signal.  Let us briefly
introduce its design and mixing strategy here again.  Figure 3
illustrates one unit of 2-D serpentine channel design, with four
perpendicular electrodes shown as shaded lines.  It repeats in x
(streamwise) direction.  The chaotic motion is induced on mag-
netic beads, flowing steadily otherwise, with time-dependent con-
trol signal (Phase Shift Signal) shown in Fig. 4.  For instance,
when electric current is applied to electrodes 3 and 4 at the phase
(iv), magnetic beads flowing are attracted toward the low veloc-
ity region at the corner (arrow 1).  At the other phase, e.g. phase
(iii), current is applied to electrodes 2 and 3, and thus beads that
had been drawn into the corner are pulled back to the mainstream
(arrow 2).  Attractive and repulsive motion can be mimicked by
shifting the pair of working electrodes.

EXPERIMENT
Figure 5 shows a magnetic micro-mixer with a serpentine

shaped channel fabricated according to the design presented in
Fig. 3.  Four mixing units are repeated in the mixing region.  The
unit length L, width W and height H of the channel are 320µm,
160µm and 35µm, respectively.  Width and spacing of the con-
ductors are both 40µm.

The mixing process of magnetic beads, when the phase shift
signal is applied, is shown in Fig. 6.  In Fig. 6(a), magnetic bead
suspension is flowing in the lower side of the channel, while DI
water is flowing in the upper side.  The bulk flow rate is approxi-
mately 50nL/min, which corresponds to Re = WV/ν = 2.2×10-2

(V: bulk mean velocity).  The electric current applied is 0.7A.
Without an external perturbation, beads do not spread across the
streamline, and the interface of the bead suspension persists to
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Fig. 4 Phase shift control signal.

Fig. 3 Serpentine channel and perpendicular electrode
configuration.

the downstream.  When the phase shift signal is applied, beads
are stirred in a complicated manner, showing the stretching and
folding pattern repeatedly (Fig. 6b).  In the downstream, beads
spread all over the channel and thus a well-mixed state is achieved
(Fig. 6c).

NUMERICAL SIMULATION
In this section, two-dimensional numerical simulation is used

to examine the motion of magnetic beads in the Lagrangian frame.
In most of MEMS based fluidic devices, dimension in the out-
of-plane direction (height) is much smaller than that in in-plane
direction due to the intrinsic property of thin-film processes such
as spin-coating, evaporation, and CVD.  Thus, the physical phe-
nomena in such devices are often comprehended by two-dimen-
sional observation.

The Lagrangian tracking of magnetic beads has been con-
ducted with one-way coupling scheme.  Firstly, the steady 2-D
velocity field is computed with a commercial CFD code based
on the finite volume method (CFD-ACE+, CFD Research Corp.)
on 80×40 grid points.  The bulk mean velocity V is set to 80µm/
s (Re = 1.3×10-2).  Then, the trajectories of beads xp are calcu-
lated by integrating the sum of the induced velocities due to the
fluidic drag and magnetic force, i.e.,

{ }( ) ( ) ( , )p f pt x x t dt= +∫x v u (3)
with 4th order Runge-Kutta method (vf: steady velocity field).

Fig. 6 (a) No magnetic force is applied. (b) Mixing pattern
when phase shift signal is applied. (c) Magnetic beads spread

all over the channel at the downstream.

Fig. 5 Fabricated magnetic micro-mixer with a serpentine
shaped channel.
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Fig. 9 Mechanism to create stretching and folding in front of
the obstacle.

Fig. 8 Dominant mechanism to create stretching and folding
behind the obstacle.

The relaxation time τp of magnetic beads used in this study is
1.2×10-7 [s], which is much smaller than the time scale of the
control signal (~1[s]).  Hence, magnetic beads react to the mag-
netic force as well as the flow drag with no delay.  The error due
to neglecting acceleration relative to the magnitude of up is on
the order of τp (Suzuki, 2003) and eq. (3) becomes valid.  The
number of the grids and time step is confirmed to be sufficient.
Magnetic force at each phase is calculated from Biot-Savart’s
law and eq. (1).  Motion of beads is examined by changing two
parameters, the maximum value of bead velocity induced by mag-
netic force (up,max/V) and driving frequency (St=W/VT).

Flow Visualization
Figure 7 depicts the distribution of 7800 magnetic beads,

initially distributed in the shaded area, after 12 seconds (the time
the beads pass approximately 6 units).  Without magnetic force,
they exactly follow the streamline and the resultant pattern is
regular (Fig. 7a).  On the other hand, when the phase shift signal
is applied (St=8.3, up,max/V=1.0), stretching and folding pattern is
induced repeatedly and chaos-like pattern is obtained in the whole
domain (Fig. 7b).

From close observation of the lump deformation, two mecha-
nisms to create stretching and folding are found to exist, which
are achieved by pushing and pulling the beads in and out of the
low velocity region at the corner.

Figure 8 illustrates the successive images of beads to show
the stretching and folding mechanism attained behind an obstacle.
In Fig. 8(1)-(3), current is applied to the first two electrodes, so
that beads are attracted toward them (small arrows in Fig. 8-1).
While beads closer to the wall are pulled into the corner (arrow 1
in Fig. 8-2), those near the center remain being advected by the
main flow (arrow 2).  Hence, a small fold is induced on the lump
of beads (Fig. 8-3).  As the current turned off, beads are further
advected downstream toward the next narrow section, where this
fold is stretched by the shear (arrow 3 in Fig. 8-5).  Eventually, a
large folding pattern is created (Fig. 8-6).

On the other hand, Fig. 9 illustrates the mechanism attained
in front of an obstacle.  Fig. 9(1) depicts the instance right before
the electrodes 2 and 3 are turned on.  Note that a line of beads is
aligned along the front side of the second obstacle.  As the cur-
rent is applied, it is pulled back to the left (Fig. 9-2).  At this
moment, they suffer upward velocity from the flow.  When the
current is turned off, a small folding pattern appears above the
obstacle (Fig. 9-3).

Therefore, the stretching and folding mechanism that arises
behind the obstacle is shown to play a primary role to the global
mixing, while that in front of the obstacle contributes only to
local and small folding patterns.

Quantitative Analysis
Divergence of the initial condition, which is one of the mani-

festations of chaos, is quantified by means of Lyapunov expo-
nent (hereafter, LE).  It represents an exponential rate of stretch-
ing and defined as:

( )1lim ln
(0)t

d t
t d

σ
→∞

⎡ ⎤⎛ ⎞
= ⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

x
x (4)

where t is time, and |dx(0)| and |dx(t)| are distance between two
points at time zero and t, respectively.  If σ is positive non-zero
value, then ( ) (0) exp( )d t d tσ=x x  and the distance of two ini-
tially nearby points diverges exponentially with time.  Originally,
LE is defined as a spectrum, which has a dimension of phase
space.  However, it is suffice to measure its largest component
(Largest LE) to characterize the system, which is much simpler
in calculation.  For implementation, the Wolf’s method (Wolf et
al., 1985) is employed, and an average of 88 initial points uni-
formly distributed in the channel is taken to extract the charac-
teristics of the system.

Figure 10 shows some examples of the convergence of the
largest LE calculation.  The solid line represents the case of St=7.6
and up,max/V=1.5, where a good mixing pattern is observed such
as the one shown in Fig. 8(b).  In this case, the LE converges
rapidly just after 50 seconds (that corresponds to the time a bead
passes ~25 units), and stays constant (~0.38).  The system is
chaotic in such amplitude and frequency domain.  When there is
no disturbance (dashed line), the LE gradually approaches to
zero, but it takes much longer time to converge.  Broken line
represents the case of St=13 and up,max/V=0.5, where mixing is
very poor.  Due to the high driving frequency and the weak mag-
netic force, initial condition drawn in Fig. 8 stay in the lower
half of the channel, so that global mixing is not achieved in this
domain.  In such a case, the LE converges to a negative value,
which indicates that the initial condition contracts.

Fig. 7 Deformation of the lump of magnetic beads (a) without
and (b) with phase shift signal (St=8.3, up,max/V=1.0).
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Fig. 10 Convergence of the largest Lyapunov exponent.
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Figure 11 shows the largest LE after 240 seconds with vary-
ing driving frequency (St).  The dotted horizontal line represents
the value when no external disturbance is applied, and other lines
show the LEs with the phase shift signal of different up,max/V.  The
exponent takes positive values at 5<St<10, regardless of up,max/V.
It indicates that the exponential divergence of initial condition is
accomplished in this driving frequency regime.  The optimum
frequency lies around Stopt=7~8 to drive the flow toward chaos.

Figure 12 shows the deformation of the lump of beads when
St is smaller and larger than Stopt with the same initial condition
as Fig. 8.  When St<Stopt, magnetic beads are attracted toward the
electrodes for a longer time period, so that they tend to accumu-
late at the edge of the electrodes for a certain period.  Thus, glo-
bal mixing is not achieved since continuous stirring is prohib-
ited (Fig. 12a).  When St>Stopt, global mixing is not achieved
either, since only local and small undulations are created with
higher frequency.  Therefore, it is concluded that the matching of
the driving frequency and the flow time constant contributes to
larger LE and thus an excellent mixing.

Beads and Cell Attachment
The goal of designing our magnetic mixer is to enhance the

attachment of magnetic beads to bio-molecules, which are flow-
ing in parallel.  The attachment rate is calculated as follows.  As

Fig. 12 Deformation of the lump of magnetic beads.
(a) St=4.5, up,max/V=1.0 (b) St=11.4, up,max/V=1.0.

an initial condition, 100 non-magnetic particles (diameter
dc=3.5µm which mimic cells) and 1340 magnetic beads (dp=1µm)
are distributed in the upper and lower side of the center stream-
line, respectively.  As the phase shift signal is applied, only mag-
netic beads are stirred by time-dependent magnetic field, while
non-magnetic particles flow unaffectedly.  When the distance be-
tween a cell and a bead becomes less than the sum of their radii,
the bead is considered to be attached to the cell, and then van-
ished.

Figure 13 shows the ratio of cells on which magnetic beads
are attached after 12 seconds (~6 mixing unites), at various St
and up,max/V.  The shaded area shows the frequency and amplitude
regime with which more than 50% of cells are labeled.  It is clear
that, regardless of up,max/V, the best yield is derived at St~8.  This
driving frequency corresponds to Stopt of the Lyapunov expo-
nent.  Thus, the probability of attachment of beads onto bio-
molecules should be greatly increased in the chaotic regime.

COMPARISON WITH A PASSIVE MIXER
In this section, the performance of the present mixer is com-

pared with the 3-D serpentine passive mixer proposed in Beebe
et al. (2001), which is schematically shown in Fig. 14.  To under-
stand the phenomena in this configuration, its steady flow field
is computed on 80×40×40 grid points, and the trajectories of
fluid particles are calculated by Runge-Kutta method.  Velocity
between the grids is obtained with 4th order Lagrange interpola-
tion.  Poincaré section, which is a plot of successive set of inter-
section of the trajectories, is created at x=0 (Fig. 15a-c).  The
similar pattern to Fig. 8 in Beebe et al. (2001) is successfully
reproduced.  The pattern of Poincaré section is regular at Re=1,
showing that the flow is non-chaotic.  When Re=10~20, the plot
starts to show the random pattern at the periphery.  However, the
KAM (Kolmogorov-Arnold-Moser) surfaces, which are seen as
circles near the center in Fig. 14b and c, still remain.  The fluid
particles flowing inside KAM tube will never be mixed with the
rest (Ottino, 1990).  The system becomes almost fully chaotic at
Re=50.  The reason to show the chaotic behavior at Re>20 is that
chaotic flow in 3-D steady flow utilizes the flow separation, which
gives rise to the large shear to create stretching, and the recircu-
lation to create folding.

Although Poincaré section is an easy and convenient way to
comprehend the characteristics of the system, it lacks informa-
tion of time.  In the mixing problem, reduction of operation time
and device length are also the important aspects as well as the
resulting state.  Figure 16 shows the distribution of beads/tracers

Fig. 13 Ratio of tagged cell after 12 seconds at various St and
up,max/V.
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Fig. 14 Three dimensional serpentine passive mixer proposed
in Beebe et al (2001).
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at different time period in (a) 2-D magnetic mixer, (b) 3-D pas-
sive mixer at Re=1 and (c) at Re=50, respectively.  Initial condi-
tion for the 2-D magnetic mixer is same as Fig. 7.  For 3-D
passive mixer, 3000 tracers are initially located in the block of
0<x<0.3, 0.45<y<0.55 and 0.45<z<0.55 uniformly, and their
projection onto y-z plane is shown in Fig. 16b and 16c.  Φ repre-
sents the time period in which a tracer located at the center of the
channel travels through one unit (different for respective cases).
In 2-D magnetic mixer, a number of folding can be already seen
after 2.5Φ, and beads are spread all over at 5~10Φ.  In 3-D pas-
sive mixer, the flow is totally regular at Re=1, so the initial con-
dition just suffers minor stretching (Fig. 16-b3).  At Re=50, some
folding patterns are achieved at 5Φ, and tracers spread at 10Φ.
However, the number of folding pattern is much less than the
active case at the same unit length.  Therefore, the 3-D passive
mixer requires longer time and length of the mixer to complete
the mixing.

CONCLUDING REMARKS
The characteristics of the chaotic micro-mixer of magnetic

beads are examined in detail by 2-D numerical simulation.  The
degree of chaos is quantified by means of the Lyapunov expo-

nent, and the optimum signal frequency is found to exist.  Match-
ing of the driving frequency and the flow time constant facili-
tates chaotic mixing.  It is also shown that the probability of at-
tachment of magnetic beads onto bio-molecules is maximized in
the chaotic regime.

The difference between our active mixer and the 3-D passive
mixer is discussed.  Although passive mixers have an advantage
in its simplicity, they require the Reynolds number of more than
20 to operate effectively, and relatively longer length is neces-
sary.  On the other hand, active mixers can effectively work even
in a creeping flow.  Thus, the principle of mixing should be ap-
propriately chosen depending on the application.

One of the authors (H. Suzuki) was supported by JSPS Re-
search Fellowship for Young Scientists from 2000 to 2002.  The
fabrication of the device is mainly funded by DARPA/MTO.
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