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ABSTRACT

A highly enegy-conserative second-ordeaccurateinite differencemethodfor the cylindrical
coordinatesystems developed.It is rigorouslyprovedthattheenegy conserationin thediscretized
spacds satisfiedvhenappropriaténterpolationschemesreused.This agumentholdsnotonly for
an unequally-spacetheshbut alsofor an equally-spacedneshon the cylindrical coordinatesput
not on the Cartesiarcoordinates Numericaltestsare undertakerfor aninviscid flow with different
schemesandit turnsout thatthe proposedschemeoffers a superiorenegy conseration property
andgreaterstability thantheintuitive andpreviously proposednethodsfor bothequally-spacednd
unequally-spaakmeshes.

Key Words:  Finite differencemethod;Cylindrical coordinatesystem;Pipeflow; In-
compressiblélow; Eneigy conseration; Advection;Body force; Singularity

1. INTRODUCTION

With continuousdevelopmentof high-performance&omputersdirect numericalsim-
ulation (DNS) and large eddy simulation(LES) have becomevery popularand even in-
evitable tools for turbulenceresearcH1-4]. In generalthe finite difference(FDM) and
finite element(FEM) methodsare usedin thesecomputationswhilst for specialconfig-
urationswith directionalhomogeneitysuchashomogeneouturbulenceandchannelflow
very accuratesimulationcanbe performedusingthe spectraimethod[5].

Oneof the mostimportantrequirementsn FDM-basedNS/ LES of incompressible
flowsis theflux andenegy conserationpropertyof thediscretizecadwectionterms.With-
outasufiicientdegreeof theflux andenegy conserationin thediscretizedspacecompu-
tationsmay becomeunstableand eventually diverge. The ideaof enegy conserationin
thediscretizedspacehadalreadybeenaddresseih theearlieststageof the developmenbf
numericaschemesndit hadthenbeenappliedto establishmendf anenegy-conserative
second-ordeaccuratd=DM on anequally-spacedheshin theCartesiarcoordinate$6, 7].
However, for alongwhile, it hadbeenunclearwhethersuchenepgy-conserative schemes
exist for higherorderfinite difference for unequally-spacetheshor for coordinatesys-
temsotherthanthe Cartesiarcoordinates.

Recently Morinishi et al. [8] generalizedhe higherorder finite differenceschemes
asrelevant combinationsof second-ordefinite differencesdefinedon differentstencils,
and succeededn developing enegy-conserative fourth-orderaccuratefinite difference
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scheme®n various(regular, staggeredgollocate)meshes.On the otherhand,Kajishima
[9] carefully examinedemploymenbf unequally-space@artesiarstaggereaneshesand
proposecnegy-conserative second-ordefinite differenceschemesgor boththe gradient
and divergenceforms of nonlineartermsin Navier-Stokesequation;they are proved to
bevalid evenfor unequally-spacethesh. Accordingto Kajishimas [9] analysisenegy-
conserative scheme®n anunequally-spacetheshcanbe constructeanly whenrelevant
interpolationschemesreapplied. A similar conclusionconcerninghe spatialdiscretiza-
tion is obtainedin the very recentwork by Ham et al. [10], who developedan enegy
conserationschemealsoin time discretization.

FDM-basedDNS/ LES in thecylindrical coordinatesystemhasbeenreportedoy sev-
eralworkers.Differentschemesave beenproposedo remaove singularityatthecylindrical
axis(r = 0). Eggelset al. [11] andAkselwll andMoin [12] useda second-ordeaccurate
FDM with a staggeredneshsystem. They usedthe primitive variables,i.e., uy, Ug, Uz
andp, andresoled the singularityby definingthe valueof u, at theaxis asan averageof
thoseat the two grid pointssandwichinghe axis. Verziccoand Orlandi[13] proposedo
usethe flux variablein theradial direction,q, = (ruy), to avoid calculatingu; atthe axis,
anddemonstratedhe validity of their techniquesn DNS of turbulent flow in arotating
pipe[14]. Very recently ConstantinescandLele [15], basedon generakeriesexpansion
aroundasingularpoint, proposed very accuratdreatmentttheaxis,whichis suitableto
higherorderFDMs.

In therecentstudiesof FDM in thecylindrical coordinate$13,15,16], focushasbeen
put mainly on the treatmentof singularity at the cylindrical axis. Enegy conseration
in the discretizedspacesuchasthosemadefor the Cartesiancoordinateshowever, has
not beendiscussedn detail. Moreover, advantagesand disadwantagesof the different
schemegroposedyith respecto enegy conseration,remainstill unclear Thereforethe
objectvesof the presenstudyareto examinesuchenegy conserationfor thewidely used
second-ordeaccurateFDM in the cylindrical coordinatesystemandto proposehighly
enegy-conserative schemedor theadwectionandcentrifugal/ Coriolisterms,andalsoa
resolutionfor thesingularityatthe axis.

The paperis organizedn thefollowing manner The governingequationin the cylin-
drical coordinatess introducedin Section2. In Section3, mathematicaformulation of
enegy-conserative discretizatiorandinterpolationschemesireprovided; andanew treat-
mentof the singularity at the axis is proposedn Section4. The proposedschemesare
numericallytestedn Section5. Finally, conclusionsarederivedin Section6.

2. GOVERNING EQUATIONS

The governingequationgor the motion of anincompressibldluid flow arethe conti-
nuity andNavier-StokesequationsIn the cylindrical coordinatestheseequationsead:

¢ Continuity equation:
19(rur) 1o0ug  Ouy
rTor Troe oz O @)
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¢ Navier-Stokesequation:
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Here theequationsarenondimensionalizely usingthepipediameteR, thecharacteristic
velocityU, andthe kinematicviscosityof fluid v. The Reynoldsnumberis definedby
_UR
=

Re 3
Thecharacteristizelocity, U, shouldbedefinedaseitherthefriction velocity, ur = /Tw/p,
or thelaminarcenterlinevelocity, U, dependingn the flow condition,i.e., whetherthe
meanpressuregradient,—dP/dz, or the massflow rateis kept constantbover the time of
integration.

The first terms, h;, hg and h;, on the right-hand-sideof the Navier-Stokesequation
denotetheadwectionterms,i.e.

10 10 0
hl’ = —?a(rUrUr>—F%(UGUr)_a—z(uZur) )
10 10 0
= ——— _—— —_ 4
he r 5y (TUrUe) — — =5 (Uglp) — = (Uzle) (4)
10 10 0
hZ = _Fa (ruruz) — ?% (Ueuz) — 6_2 (UZUZ) .

Theseconderms,b; andbg, in the equationf ther and®6 directionsarethe centrifugal
andCoriolis forcesarisingdueto the curvatureof the coordinatesystemrespectiely, i.e.,

br:—,
()
bp = ——2.

3. RELEVANT SFATIAL DISCRETIZATION AND INTERPOLATION

3.1. Computational mesh

In the presenstudy we focusonly onthe mostfrequentlyusedmethod— the second-
orderaccuratdinite differenceschemewith a staggereaneshsystem As usual,velocities
aredefinedonthe cell surfacesandpressuras definedat the cell centersasshown in Fig.
1. As apracticallyusefulchoice,the spacingis assumedo be equalin 6 directionandz
directionandunequaln r direction. Thedefinitionof notationgfor the positionsandmesh
spacingsn r directionis shavn in Fig 2.
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FIG. 1 Definition point of eachvariable. Ordinary cell (left) andthe first cell from the
center(right).
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FIG. 2 Definition of the positions f; andr”% andthelocal meshspacingsAr; andArH%.

3.2. Advectionterm

Theadwectiontermsgivenby Eq. (4) canbediscretizedsothattheflux conserationis
satisfied.For instancetheadwectiontermin ther-direction,h;, canbediscretizedas:

1 (rur)istjkUriszjk—(rUr)ijkUnijk

itk T T .
2 r|+% AI'H_%

1 YpirdjrdkUnitdj+dk Yo ird -2k Uit -1k

r JA\S) ©)
i+1
Upivdjked YUnitd jhed “Yzied jk-d YUnivd je—i

Az '

whereAri+% is definedin Fig. 2. Theabore equationcontainsundefinedvelocitiessuch
asur i jk andug TERTEIR Therefore,we needto evaluatethem by interpolationof the
definedvelocities. A commonpracticemay be to usean arithmeticaverageor a linear

4
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interpolation.With thearithmeticaverage for example,Eq. (6) simply becomes

i . i
H 1 (rur)i+1jkuf=+1jk_(rur)iJ'kurEJ'k

. 1. —_— —_—
ri+sjk .
2 ri+% Ar|+%
| A, | P
1 Sidiedk Titd itk Cindi-gk Tivdi-dk 7)
ri+% JA\S)

i k i k
R U . —Uz 1. U .
i3 iktd S ikts Gtdik—3 i+l k-3

Az '

Uz

wherethe overbar =, denoteghearithmeticaverageandthe superscripto the overbar ¢,
representtshedirectionof interpolatione.g.,

i (rur)i g i+ (run)i_g g
(ruije = 2 '

(8)
i Ui g et Uing i

U 1. =
li+3 j+3k 2

However, accordingto therecentanalyseon FDM in the Cartesiarcoodinateg9, 10,
17], enegy consenration is violated in the discretizedspacewhen an unequally-spaced
meshis employedandthe arithmeticaverageor the linearinterpolationis usedon it. This
is dueto aninconsisteng betweenthe differencingand interpolatingoperatorq17]. In
orderto overcomethis problem,Kajishima[9] treatedthe unequally-spacedectangular
meshxn (M= 1, 2, 3) asa mappingfrom an equally-spacednesh&™. The divergence
form of adwectiontermwasapproximatedy

QUmtn 100U um)  15(I0" ") ©)
X, J o0& ] o&n ’

whereU" = u,08"/0x, is the contravariantvelocity andd/0g" is the second-ordecentral
differenceon &" mesh. The Jacobianin the mappingis denotedasJ. Enegy consera-
tion by this approximationwasthenverified on a two-dimensionalCartesiarmeshby the
proceduresimilar to thatconductedelow. It is alsoworth notingthatsucha relevantin-
terpolationrule makesthe divergenceform andthe gradientform of the adwectionterm
compatiblein the discretizedspace.This wasverified alsoby thattwo differentnumerical
simulationsof a two-dimensionatavity flow (oneof themadoptedthe divergenceform
for the nonlinearterm; the other the gradientform) gave the sameresults. On the other
hand,Hametal. [10] approximatedhenonlineartermas
OUmln  OGy"Tm"

0%n - OXn (10)

where is an averageweightedby the overlappingvolume of the cell wherethe velocity
is definedand of the cell whereit is interpolated(referredhereafterasthe volume-flux
average)andverifiedtheenegy conserationpropertyon anunequally-spaceckctangular
mesh.It canbe easilynoticedthatthesetwo expressionsEgs. (9) and(10), areidentical
whenthey areexpressedn the concreteform in the Cartesiarcoordinates Thereforethe
relevantinterpolationschemesor the enegy to beconsered canthereforebesummarized
as:
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¢ volume-fluxaverage— for the advecting velocity;
¢ arithmeticaverage— for the advected velocity.

Here, the terms of advecting and advected are usedfor notationalcorvenience. Their
meaningsarethe sameasthoseusedfor thegradientform of nonlineartermsin the Navier-
Stokesequation:in Eq. (6), for example,(rur), us andu;, arethe advecting velocitiesand
Uy is the advected velocity.

We apply this interpolationrule to the discretizedequationin the cylindrical coordi-
nates. As will be noticedin the verification processbelaw, the key technique(or trick)
in the presentcaseis to arrangethe right-hand-siden sucha form that every term hasa
commondenominatari.e., ri+%Ari+%. As aresult,Eq. (4) reads:

1 i i i i
hiviijxk = —— 7 [(ruf)i+1ijFi+1jk_(ruf)i jk Uri jk]
T2 Mip18r, 1
o~ ] ~ | ]
— Ug; 1. U . —Ug; 1. Or’ 1. 11
ri+%Ae [ Oirdj+dk Mi+d j+dk Oird -1k Mivd -3k (11)
1

i K N K
TNy [UZH% [PIELCVERTE Rl NS P LV jk—%}
where™ denoteghevolume-fluxaveragedefinedby

C BrisaUg i gkt ANUg itk

~
Us. 1 - = 12
Sitd itk 20r;, 1 (12)
and
o M 28041 Uy g ke d +ridriu, ki3 13)
Zi+1 'k+ = .
7 1K+3 2ri+%Ari+%xi+%

In the presentcase,the volume-flux averagefor (rur) is, within second-ordeaccurag,
identicalto the arithmeticaveragefor that. The normalizationfactor, Xitdr in Eq. (13)is

necessargothatthe summatiorof theweightingfactorsbecomesinity:

ri14r; riAr; Arj 1 — Ar;
1:I+1 i+1 1T |:1+ i+1 i

X.
I+3 2ri+%Ari+% 2I’i+%

, (14)

which, of coursejs unity for anequally-spacetheshandcloseto unity for anunequally-
spacedmeshif the variationsof Ar in the vicinity of the cylindrical axisis small. Note
thatthe weightingfactorsdueto meshspacingsAr; andAr 1, in Egs. (12) and(13) are
oppositeto thosein the linear interpolation. Moreover, it is emphasizedhat the present
expressionEq. (11), andthatwith the arithmeticaverage Eq. (7), arenotidenticaleven
whenthe meshspacingis equal,i.e.,Arj = Arj1 = congt.; the flux weightingfactorsdue
to rj andri,1 still existin the zdifferentialterm. This situationis quite differentfrom that
in the Cartesiarcoordinatesystem[9, 10], wherethe arithmeticaverageandthe relevant
interpolationbecomedenticalin the caseof anequally-spacedesh.

Thetermsin otherdirections hg andh;, canbediscretizecsimilarly. Underthe present
conditions,i.e., uniform meshin the 6 andz directions,the final expressionof hg andh;,

1Thereis anobvioustypo in the publishedversion(s, shouldreadAr)
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canbe obtainedusingthe arithmeticaverageonly. Hereafterwe referto the form of Eq.
(11) as(Div.-C), while the form obtainedusingthe arithmeticaverage Eq. (7), is referred
to as(Div.-A).

Theconserationof asquaredialue,U?, i.e., aradial componenbf thekinetic enegy,
canbe verified as follows. Similarly to Eq. (11), the discretizedadwectionterm of the
squaredraluecanbewritten as:

(run)igji (Uicajk— (rUr): ik (UArZJ): j k}

My 38ryg [

1 i — )
— 0 2) 1 — Un' 2). 1.
r\, 100 {“ewin;k W)eg gm0y gu (Diegjgu] (19
2

]

1 i —k . —k
I 2V 1 G 2y
Az [UZH% i k+%(”f)'+% jkrd Yz g kf%(”f)'ﬂ% k-3

The squaredvaluesat undefinedpointsare evaluatedby following PiacsekandWilliams

[7], e.q.,

2 _
(Wijk = UivdjkUrni-ijke
2 —
UB)irgjrdk = YnindjracYnisd ke (16)
DA B 2 2
2 —
Uit ket = YnisdjrerYnisd i
p p 2 2

andthe normalizationfactorfor the z-differentialterm, x; +1,was approximatedasunity.
Thetransportequationof thesquaredsaluecanalsobe obtainedoy multiplying 2u, i+1,ik

to Eq. (11). Theformer,i.e.,Eq. (15), exactly representthetransporof thesquaredralue,
whilst thelatter; i.e., 2(urhr)i+% Pk expresseshe squaredraluetransportasaresultof ad-
vection. Therefore thesetwo expressionsnustbeidenticalin orderfor thediscretizedad-
vectiontermto becomeenepgy-conserative. By subtractinggq. (15) from 2(urhy)
oneobtains

i+3 jk

riHAriHule L riAriurzi+1 L

20uhe) 1 —H 1, =— I D)y i — —— 2 D)

(Ur r)|+%]k ni+sjk 2ri+%Ari+% ( )I+1Jk 2ri+%Ari+% ( )le
(17)

where(D - U); j x expresseshedivergenceof discretizedselocity field, i.e,

(D-T); | —l(rur)”%“‘_(rur)‘*%ik+1u9’iJ'+%k_u9,ijf%"+uzijk+%_“zijk—%
Mk Ar; r JX:) Az '
(18)

Therefore,the squaredvalue is perfectly consered if the continuity is satisfiedin the
discretizedspace.Theequationsn the 8 andz directionscanalsobeverified likewise.

It shouldbe emphasizedgainthatthe schemebasedon the arithmeticinterpolation,
i.e., (Div.-A) expressedy Eq. (7), is not enegy-conservingeven on the equally-spaced
mesh(Ar; = Ar) in thecylindrical coordinatesA similaranalysisasEgs. (15)-(17)for the
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caseof (Div.-A) resultsin

2

2
lipus. 1. rus. 1.
ni+s jk , = ri+s jk =
2uh) 1 —H 1, = —— 2 (D) i k— ——2(D-T); i
(Ur f)|+%1k ni+3 ik 21 ( i1k 2.1 ( i jk
2 2
2,2
+Ar Uivt ik U,
Hiil ordz irdjk
(19)

whered/dr andd/4z denotethe usualsecond-ordecentraldifference. Equation(19) sug-
geststhatthe enegy-conseration propertyin (Div.-A) onthe equally-spacedneshhasa
first-orderinconsisteng nearthe axis (r ~ Ar). The similar analysisfor otherschemes,
e.g. (Div.-A) on anunequally-spacetheshor (Div.-F) appearingn the next section,also
reache$heconclusiorthatZ(urhr)H% jx andH, ird ik areinconsistentalthoughtheorder
of inconsisteng cannotbe expressedn sucha simpleform asEq. (19). Therefore only
thecombinatiorof discretizatiorandinterpolationschemeslescribedibove, i.e., (Div.-C).
seemdo satisfythe conserationof squaredsalues.

3.3. Body forceterm
Thebodyforceterms,b, andbg, satisfythefollowing relationin thecontinuousspace,

This relation expresseghe exchangeof enegy betweenr and8 components.Therefore
interpolationfor thesetermsshouldbe designedso asto satisfythis rigorousconseration
rulein eachl/4 of acell asshavn in Fig 3. Theresultingform, referredto as(Body-C),is

] ]
1 AN (W) ju HAN(U); i

b . . f— y
itz ik 1 2Ar. 1
|+2 |+2 (21)
1—ij
— |
Bo.ijrgn = —p WijrdkYeijedn

Note,againthattheweightingfactorsareoppositeto thosein thelinearinterpolation.

It is unclearwhat kind of interpolationschemeis usedin previous simulation. An
intuitive method ,however, may beto approximatehe undefinedvelocity simply by using
anarithmeticaverage whichis referredto as(Body-A). In this case the expressiorfor by
is thesameasEqg. (21), whilst thatfor b, becomes

1 /=i 2
b ir1jk= 1 (UE i+1 ] k) : (22)
2

Clearly thelocalenegy conserationof Eq. (20) is notsatisfiedoy (Body-A), evenfor the
equally-spacedesh.

4. A NEW TREATMENT AT THE CYLINDRICAL AXIS

As mentionedin the introduction,an importantresultingissuein simulationon the
cylindrical coordinatess mathematicatreatmeniof the singularityatr = 0. Most of the
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FIG. 3 Subrgjion of a control volumefor u; andug (shaded).Enegy exchangedueto
bodyforceis conseredin eachsubrejion.

singularitiesappearingn the Navier-Stokesequation Eq. (2), areautomaticallyremoved
after the spatial discretizationusing second-ordeFDM with a staggeredneshsystem.
Remainingonesaretheradial velocity, u, Ljk to beusedfor:

e interpolationin theadwectionterm, h;, Eq(11);
e interpolationin thebodyforceterm,bg, Eq (21);

andthatusedfor discretizatiorof the diffusionterms.
For this problem two differentapproachebave beenproposedofar asfollows:

1. An artificial velocity is definedas:

1
ur,%jk:z(ur,3jk_ur,gj+£\‘2@k)’ (23)
whereNg is the numberof meshin the 8 direction(referredto as(Axis-E)) [11];

2. Thesingularityis removed by multiplying theu, momentunequatiorby r (theflux-
basedormulation)[13].

With theflux-basedormulation,h, andbg arediscretizecdhs:

1 1

|
)iy = A E(ru’)iﬂik(r“f)iﬂjk—
2

TS TS

i

i i e j
1 By i g g T8 g (Wieg 3 (24)

ri+% JA\S]

k i k
(Furis g jied RIS (rur)is g -3

Az '

v =I
‘i3 ik+3
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(a) (b)
Ur, 32k Ur, 32k
)
N N
Ur 172k Sé Ur 172k
Ur, 3/2 j+Ng/2 k

Uy’ k

FIG. 4 Differenttreatmentsat cylindrical axis. Vectorsin black are thosedefinedand
actuallysolved; vectorsin white areartificial onesatr = 0. (a) methodequialentto flux-
basedormulation(Axis-F); (b) treatmenby Eggelsetal. (1994)(Axis-E); (c) first stepof
the presenmethod(Axis-C).

and

1 i)
B,ijik =12 (TUr) i+ g Yo i gk (25)
I

Since(rur)% k= 0, it doesnotrequireary approximatiorat the point of r = 0. However,
basedn this formulation,anenegy-conserative schemesuchasonein the previoussec-
tion cannotbe constructedA modifiedmethod,in which theenegy-conserative scheme
is used but with the flux-basedormulationonly at thefirst pointsfrom the axis, canalso
be considered.In thatcase,it canbe foundfrom Eg. (11) thatit is equivalentto usethe
following artificial velocity (referredto as(Axis-F)):
ur,%jk:ur,gjk' (26)
A schematiof thedifferenttreatmentss showvn in Fig. 4.
In the presentstudy a nev methodis proposedsuchthatthe mathematicatonstraint
atr =0:
U = UxCosB+uysing,
: (27)
{ Up = —UxSinB+4uycosd,

shouldbe satisfied. Here, ux and uy arevelocity componentexpressedn the Cartesian
coordinatesAs shavn in Fig. 4c, the procedureo computeu, 1k is givenasfollows:
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— 2.
1. calculateux anduy atr = 0fromug 4, 1,

2 Mt :
Uk = _N_e ;ue’ljﬁlksmejﬁl,
N1 (28)
Uk = N_GJ;)“9,11+%kC° i+
2. calculateu, 1jk by usingEq. (27):
U 3 jk= Uy, k COSBj + Uy, kSiNB; . (29)

Theaccurag orderof the presenprocedurecaneasilybe assessedl he seriesexpan-
sionof Ug , j, 1, aroundthesingularpoint,r = 0, canbewritten[15,18] as:

_ (0) (Ara Arq
Up1j+ik = Po1 (7>+

2
Ar
AR +AY (7) ] cosd; 5 + A (71) cos29;,4

Ar
+BY) (71) +

Ar\?| Arg
B(l%) 8o <%> 1sm9j+21+8<2%) (%) Sin28; , 1

+o(arj), o)
WhereAr(gz and BES% are coeficientsfor the correspondingnodes. It is easilyfound that
Ag%) andB(l%) areequialent,respectrely, to
()
MY = (31)
B = -u
10 X, k -
Summatiorof Eq. (30) multiplied by cosB yields
N1 N Arp\ 2
;] (] 1
Z) Ug 1j41KCO0j, 1= > luy,kJrA(n) <7> (32)
J:
Similarly,
Ne1 . N Arp\?
Z)ue’lH%ksmeH%:?e [—ux,kJrB(lel) <71) : (33)
J:

Therefore the presentinterpolationprocedureEq. (28), hassecond-ordeaccurag with
respecto Ars.

Enegy conserationaroundthe cylindrical axisshouldalsobeinvestigated By carry-
ing outderivationsimilar to thatin the previoussectionwe find thatanextra condition,

Ug 1j+ik Yo 11k
A
2Therearetyposin the publishedversion(subscriptto 6).

ur,gjk+ :Oy (34)
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shouldbe satisfiedin orderfor the squaredralueto be consered. Fromthe seriesexpan-
sionsimilarto Eg. (30), oneobtains

U 1j+3k—Ys 11k
AB

U g ikt

- [Agf +B{) + (AS) — AY)) cos28; + (BS) — B ) sin28 ,-] Ar1+ O(Ar2, £6?)
(35)
which revealsthatthe presenimethodhasonly first-orderaccurag concerninghe enegy
conseration aroundthe cylindrical axis. However, we do not attemptto directly impose
the conditionof Eq. (34), becauseuchor anequialentconditionunderthe continuity,

Up1jied ~Urajk-3 =0, (36)

prohibitsary variationof u, alongthe longitudinaldirectionandis quite unphysical.The
effectsof this first-ordererror aroundthe axis are shavn to be minor in the next section
becausehe size of volumeinfluencedis consideredsmallif comparedo the restof the
domain.

5. NUMERICAL TEST

In orderto demonstratean enegy conseration property of the proposedschemes,
numericaltestsare conductedassumingan inviscid flow in a straightcircular pipe, i.e.,
Re — oo, with no driving force,i.e., —dP/dz = 0. Thereducedsetof governingequations
read:

e continuityequation:
19(rur) 10ug  Ou
rTor Troe oz O 37

e momentumequation:

ou ap

E = hr+br—a—r,

dug 1ldp

it R - 38
P hg + bg £36 " (38)
ou; _ , _09p

ot % oz’

Testeddifferentcombination®f schemedor the advectionterm,body forcetermand
treatmenttthe axisaresummarizedn the following:

e adwectionterm

— (Div.-C) presenschemeEqg. (11),
— (Div.-A) arithmeticaverage Eq. (7),
— (Div.-F) flux-basedormulation,Eq. (24),

e bodyforceterm

— (Body-C)presenschemeEq. (21),
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FIG. 5 Computationatiomain.

— (Body-A) arithmeticaverage Eq. (22),
— (Body-F)flux-basedormulation,Eq. (25),

e treatmentatthecylindrical axis

— (Axis-C) presenprocedurefEgs.(28)-(29),
— (Axis-E) treatmenty Eggelset al. (1994),Eq. (23),
— (Axis-F) methodequialentto flux-basedormulation,Eq. (26).

Thecomputationalomainhasa radiusof R= 1 andalengthof 10 R asshowvn in Fig.
5 andperiodicboundaryconditionis appliedat bothends.Equally-space@ndunequally-
spaceccomputationameshesaretested. The numberandthe sizesof the computational
meshusedin the maintestaretabulatedin Table 1. Theinitial velocity field, with which
thetime advancingintegrationis startedjs generatedn thefollowing way:

1. interpolatevelocitiesfrom aninstantaneouselocity field of fully developedturbu-
lent pipe flow at Re; = 180 simulatedon a 96 x 128 x 256 mesh(seeAppendixA)
ontothemesh(8 timescoarsein eachdirection)usedfor thetests;

2. solve the Poissorequationin orderfor thereducedvelocity field to satisfythe con-
tinuity equation;

3. normalizethevelocitiesto have zeromeanvelocity, i.e. < Uy >=< Ug >=< Uz >=
0, andunitkineticenengy, i.e. < k >=< %(uiui) >=1.

The procedureemployedhereis similar to that usedby Morinishi et al. [8], who useda
randomstreamfunction in a two-dimensionaproblem. Insteadof usingrandomvector
potentialas a seed,DNS datais usedto obtainan organizedthree-dimensionalelocity
field.

TABLE 1
Computationameshusedin the numericaltest. Sizesarenondimensionalizetly R.
Normalizationfactor, ¥, is definedin Eq. (14).

Notation Nr Ng N Ar JAC AV X
equally-spaced 12 16 32 0.083 0.39 0.31 1.00
unequally-spaced 12 16 32 0.021-0.13 0.39 0.31 0.83-1.00
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FIG. 6 Timetraceof thetotal kineticenegy < k > computedvith differenttime steps.En-
ergy conserative schemewith (Div.-C)-(Body-C)-(Axs-C) (key “C-C-C") andthatwith
ur (0, 8, z) = 0 boundarycondition(“C-C-0") wereusedon equally-spacedesh.

Time integrationof thediscretizedequations achieved by usingthelow storagethird-
orderRunge-Kittaschemd19]. Thesamecoeficientsasthoseusedby RaiandMoin [20]
are used. For the pressurecoupling, a delta-formfractional step method,which canbe
foundin [13,21], is used.The Poissorequationis solved usingtrigonometricexpansions.

Evenif the spatialdiscretizationideally satisfiesthe enegy conseration, the enegy
may changedueto the imperfectnes®f a time integrationscheme.Therefore a prelim-
inary testis madewith differentcomputationatime stepsof At=0.01,0.001and0.0001.
Thecombinationof theproposedschemes, e., (Div.-C)-(Body-C)-(Axs-C),wasused.As
wasdiscussedh theprevioussection (Axis-C) hasanimperfect(lower-orderaccurag) en-
ergy conserationproperty Thereforeacasewith aboundaryconditionof ur (0, 8, z) =0,
denotedas(Axis-0), wasalsotestedn orderto examinethe casewherethe problemof the
axistreatments absent.The resultis givenin Fig. 6, whereAt=0.001and0.0001give
theindistingushableresultsof the kinetic enegy, < k >. Dueto the dissipatve natureof
theRunge-Kittatime integrationschemegx k > shoulddecreasevith time andthe rateof
decreaseshouldbe higherfor larger At. The resultfor the referencecase,i.e., (Div.-C)-
(Body-C)-(Axis-0, properlyshavs suchatrend. For (Div.-C)-(Body-C)-(Axs-C), how-
ever, thekinetic enegy increasedlueto theimperfectconserationin thetreatmenof the
axis. Thesmallerincreaseof < k > in thecaseof At = 0.01is consistentvith the dissipa-
tive natureof thetime integrationscheme . Throughoutthe following test,the time stepis
fixedat At = 0.001exceptfor thetestonthedifferentamplitudeof initial perturbatiorand
grid resolutionwherethe Courantnumberis setapproximateljthe sameasthis condition.

The testis initiated from the caseof the equally-spaceanesh. Figure 7 shows the
time traceof < k > in the caseof the equally-spacedhesh.Thekinetic enegy shouldbe
unchangedstime advanceshecaus¢hegoverningequatiordoesnothave ary sourceand
dissipatve terms. Accordingto Fig. 7a,the enegy is keptalmostconstantegardlessof
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FIG. 7 Time traceof the total kinetic enegy < k > computedusing differentmethods.
(a)initial perioduntil t = 0.5; (b) for longerperioduntil t = 5. Equally-spaceaneshand
At=0.001areemployed Key “C-C-E” denotesacombinationof (Div.-C)-(Body-C)-(Axs-

E), andsimilar abbreviationsapplyto othercombinations.
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TABLE 2
Thetime whentheerrorin total kinetic enegy grows to 1 %, denotedas T1y, thatto
50%, Ts500, andthetime whenthe computatiordiverges, Ty;y,. Equally-spacedneshand
At=0.001areemployed.

Advectionterm Bodyforceterm Treatmentitaxis Tion, Tso%  Tgiv

(Div.-C) (Body-C) (Axis-C) 2.16 16.08 65.62
(Div.-C) (Body-A) (Axis-C) 0.81 497 1522
(Div.-C) (Body-C) (Axis-E) 1.67 350 5.59
(Div.-C) (Body-C) (Axis-F) 1.18 193 234
(Div.-F) (Body-F) * 046 125 1.36
(Div.-A) (Body-A) (Axis-C) 045 1.02 112
(Div.-A) (Body-C) (Axis-C) 044 082 0.86
(Div.-A) (Body-A) (Axis-E) 043 0.71 0.75
(Div.-A) (Body-A) (Axis-F) 041 055 0.56

differencesn thetreatmentt the cylindrical axiswhenthe presenschemeg(Div-.C) and
(Body-C),areused.Onthe otherhand,theincreaseof < k > is remarkablén the case®f
arithmeticaverage(Div.-A) and(Body-A), andof theflux-basedormulation,(Div.-F) and
(Body-F).Over longertime of integration,theincreaseof < k > is discerniblein all cases
of combinationasshowvn in Fig. 7b. The presentombination(Div.-C)-(Body-C)-(AxXs-
C), exhibits the leasterrorin the enegy conseration propertyand the higheststability.
The gradualincreaseof < k > even for the bestscheme again,canbe attributedto the
imperfectenegy conserationaroundthecylindrical axisascanbenoticedfrom theresult
of (Div.-C)-(Body-C){Axis-0) alsodravn in Fig. 7b asareference.

As convenientmeasuresf the enegy conserationandof the computationastability,
we introducethetime whenthe errorin total kinetic enegy grows to 1 %, denotedas T,
thatto 50 %, Ts00, andthatwhenthe computationto divemges, Tgiy. They aretakulated
in Table2. Again, the combinationof the presentschemes(Div.-C)-(Body-C)-(Axs-C),
is far superiorto othercombinations.The enegy conseration propertyis moresensitve
to the schemeusedfor the adwection and body force termsthanto the treatmentat the
axis. Moreover, it is noticedfrom the comparisorbetween(Div.-C)-(Body-A)-(Axis-C)
and(Div.-A)-(Body-C)-(Axis-C) thattheenegy conserationof theadwectiontermis more
importantthanthatof thebodyforceterm.

Dependeng of the enegy conseration propertyin aninitial period,t = 0.25 (corre-
spondingto the centerof Fig. 7a),on the amplitudeof initial perturbation,< k >init, and
thegrid resolution Ar, is depictedn Fig. 8. Theerror, €, is definedas

~ <Kk>t—025 — < K>ijnit

39
< K >jnit (39)

It is reconfirmedthatthe error of the proposedschemej.e., (Div.-C)-(Body-C)-(Axs-C),
is much smallerthanthat of the intuitive schemej.e., (Div.-A)-(Body-A)-(Axis-C), for
ary < k >init andAr. Theerrordecreaseas< k >jnit or Ar becomesmaller The enegy
conserationpropertyof the presentschemes foundto be betweerfirst andsecondorder
in termsof Ar which reflectstheorderof inconsisteng in (Axis-C). It shouldbe notedthat
theerrorin thereferencecase (Div.-C)-(Body-C)-(Axs-0), is muchsmallerandthe most
of thaterroris likely causedy thetime integration (e ~ —3 x 1078 for < k >jnt= 1 and
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FIG. 8 Dependeng of theerrorin kineticenegy in aninitial period(t = 0.25). (a) Onthe
amplitudeof initial perturbation{b) Onthegrid size.

Ar ~ 0.083).

Subsequentlya teston the unequally-spacetheshis performedwith the defaultcon-
ditions,i.e., < k >jnit= 1 andthe meshshawn in Tablel. As summarizedn Table 3, the
resultsaresimilar to thosefor the equally-spacednesh. Enegy conseration propertyof
the presentschemefor adwectionterm is quite well despitethe approximationof x = 1
madein theverificationprocessEgs. (15)-(17),andthe superiorityof the combinationof
the presentschemess evenmoreclearer Giventhe comparisorbetweenTables2 and3,
onemaywonderwhy the error computedusingthe presenschemegrows slover on the
unequally-spacethesh.Note thatthesetwo resultscannotdirectly be comparedecause
the smoothnessf theinitial fieldsis different. Comparisorbetweentestswith different
meshsizesis not straightforwardn the caseof unequally-spacetheshandthusomitted.
However, it is apparenfrom Egs.(7) and(11) thatdifferencebetweertheintuitive scheme

TABLE 3
Thetime whentheerrorin total kinetic enegy growsto 1 %, T1, thatto 50 %, Ts0e, and
thetime whenthe computationdiverges, Tqiy. Unequally-spacetheshandAt=0.001are
employed.

Advectionterm Bodyforceterm Treatmenttaxis Tio,  Ts0% Taiv
(Div.-C) (Body-C) (Axis-C) 271 3416 167.13
(Div.-F) (Body-F) * 050 147 152
(Div.-A) (Body-A) (Axis-C) 049 144 156
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andthe presenschemebecomesmallerasAr — 0.

6. CONCLUSIONS

Investigationswere madeon the enegy conseration of second-ordeaccuratefinite
differenceschemedor cylindrical coordinatesystem. A combinationof highly enegy-
conserative schemesgor adwectionandcentrifugal/ Coriolis terms,andthe treatmeniof
thesingularityat the cylindrical axiswasproposed.

Similarly tothecaseof theCartesiarcoordinatesystemtheenegy-conserative scheme
for advectiontermscanbe formulatedby usingrelevantinterpolationschemesHowever,
unlikein the Cartesiarcoordinatesystem9], theresultingform of the enegy-conserative
schemdliffers from that of anintuitive schemebasedon arithmeticaverage,even when
themeshis equallyspaced.

The proposedschemesre testednumericallyvia simulationsof inviscid flow. The
highly enegy-conserative natureandthe high stability of the presenscheme®ver other
schemesredemonstrated.

The strict enegy conserationdiscussedn the presenipapermay not be requiredfor
DNS of a fully developedturhulentflow, asindicatedin AppendixA, wherea very fine
meshis usedandlarge physicaldissipationtakesplace.However, theenegy conseration
will becomemportantin mary othersituationssuchasLES usingcoarsemeshandDNS
of statisticallyunstationaryurbulentflow due,for example,to externalcontrolinput.

APPENDIXA: DNSOFFULLY DEVELOPEDTURBULENT PIPEFLOW

As aninitial field in testcomputationsaninstantaneouselocity field of afully devel-
opedturbulent pipe flow wasused.In this appendix,someresultsfrom DNS of turbulent
pipeflow atRe; = u;R/v = 180arepresentedo shov the accurag of the presentompu-
tation.

For the discretizationof governingequation Eqgs. (1) and(2), the methodsproposed
in the presentstudy i.e. (Div.-C), (Body-C) and (Axis-C) are used. The diffusionterms
arespatiallydiscretizedusingan ordinary second-ordeaccuratefinite differenceandin-
tegratedin time using Crank-Nicolsonscheme.The length of the computationadomain
is 10 R. The computationalmeshis 96 x 128x 256 and stretchedin r direction from
Art = 0.46 (wall) to Art = 2.99 (center).The computationatime stepis At* = 0.18.

As representatie quantities profilesof the meanvelocity andthe RMS velocity fluc-
tuations,the limiting behaior of Reynolds stressesandthe budgetof kinetic enegy are
shavn in Fig. 9. The presentresultsagreewell with available DNS data. All the other
guantitieswhich arenot shavn herearealsoin goodagreementwith slight differencesn
thevicinity of thewall, asin Fig. 9c, dueto the differenceof resolution.

Turbulencestatistics Reynoldsstressudgetstwo-pointcorrelationsandone-dimensional
enegy spectrecomputediy thepresenDNS areavailablein tatulatedformsatthewebsite
(http://ww thtlab.t.u-tokyo.ac.jpl).
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FIG. 9 Typical resultsfrom DNS of turbulent pipe flow at Re; = 180. (a) Meanvelocity
profile; (b) RMS velocity fluctuations;(c) Limiting behaior of Reynolds stresses{d)
Turbulentkinetic enegy budget. Presentesultsare comparedvith DNS databy Eggels
et al. (1994),Unger& Friedrich(in Eggelset al., 1994)andDNS dataof channeflow by

Moseret al. (1999).



