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Effect of nonlinear interaction on feedback control of wall turbulence
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ABSTRACT
Direct numerical simulation of turbulent channel

flow at Reτ = 110 ~ 650 was made in order to evaluate
feedback control algorithms for reducing skin friction.
The energy efficiency of the v-control and suboptimal
control is deteriorated with increasing the Reynolds
number, but it becomes almost constant above Reτ =
300.  It is found through the Karhunen-Loeve decom-
position of the turbulent fluctuations that the structures
having large contribution to the turbulent kinetic en-
ergy are of large scale, whilst the structures having large
contribution to the wall shear stress fluctuation are
scaled with viscous units and accompanied with the
quasi-streamwise vortices near the wall.  The KL modes
are divided into groups depending on the wall eleva-
tion of the structures, and the nonlinear interaction be-
tween those structures are examined.  It is indicated
that the interaction effect is larger at higher Reynolds
numbers, but the near-wall vortices are not much af-
fected by the interaction with the large-scale outer struc-
tures.

INTRODUCTION
From a viewpoint of saving energy and protecting

the environment, it is strongly desired to develop effi-
cient turbulence control techniques for drag reduction
and/or heat transfer augmentation.  Among various
methodologies, active feedback control scheme attracts
much attention because of its large control effect with
small power input (Moin & Bewley, 1994; Gad-el-Hak,
1996; Kasagi, 1998).  Choi et al. (1994) employed lo-
cal blowing/suction on the wall based on the wall-nor-
mal velocity fluctuation in the buffer layer, and they
obtained about 25% drag reduction in their direct nu-
merical simulation (DNS) of turbulent channel flow.
Bewley et al. (1993) applied a suboptimal control
scheme (Choi et al., 1993) to turbulent channel flow,
and obtained about 17% drag reduction.  Recently, Lee
et al. (1998) proposed a new suboptimal control algo-
rithm based on the linearized Navier-Stokes equation,
and they obtained a simple analytical form for the con-
trol input based on the wall variables.

However, the Reynolds number assumed in most
previous studies was about Reτ = 100, where signifi-
cant low-Reynolds-number effects must exist.  Thus,
assessment of the control scheme at higher Reynolds
numbers is mandatory.

The final goal of the present study is to develop a
control algorithm applicable to real turbulent flows,
especially high Reynolds number flows.  In the present
study, existing control algorithms for reducing skin fric-
tion are evaluated by using DNSs of turbulent channel
flow at low-to-moderate Reynolds numbers.  The con-
tribution of coherent structures to the wall shear stress
and nonlinear interactions between them are also ex-
amined through flow visualization and Karhunen-Loeve
decomposition.

NUMERICAL METHOD AND CONTROL
ALGORITHM

The numerical method used in the present study is
almost the same as that of Kim et al. (1987); a pseudo-
spectral method with Fourier series was employed in
the streamwise (x) and spanwise (z) directions, while a
Chebyshev polynomial expansion was used in the wall-
normal (y) direction.  A fourth-order Runge-Kutta
scheme and a second-order Crank-Nicolson scheme are
used for time discretization of the nonlinear terms and
the viscous terms, respectively.  The computational pa-
rameters are summarized in Table 1.  The Reynolds
number Reτ based on the wall friction velocity uτ and
the channel half-width δ is chosen as 110, 150, 300,
400, and 650.  The flow rate was kept constant at each
Reynolds number.  Although it is not shown here, tur-
bulence statistics of the present computations for plane
channel flow are in good agreement with the DNS data
of Moser et al. (1999).  Hereafter, u, v, and w denote
the velocity components in the x, y, and z directions,
respectively.  Superscript + represents quantities non-
dimensionalized with uτ and the kinematic viscosity ν.

In order to evaluate the efficiency of the existing
control algorithms at various Reynolds numbers, v-
control scheme (Choi et al., 1994) and the suboptimal
control (Lee et al., 1998) are adopted.  The control in-
put is local suction/blowing at the wall.  The control
input for the v-control is given by,

10v control y
v vα +− =

= − . (1)
For the suboptimal control scheme, the square of the
wall-normal gradient of spanwise velocity is included
in the cost function, and this leads to the control input:

ˆ z
suboptimal

wall

ik w
v

k y
α ∂=

∂ , 2 2
x zk k k= + , (2)

where ^ denotes the Fourier coefficient.  In Eq. (2), kx
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and kz denote wavenumbers in the x- and z-directions,
respectively.  The positive constant α is chosen in such
a way that the control energy is 0.05 ~ 0.4% of the
pumping power.  A fully developed flow field is used
as the initial condition.

COHERENT STRUCTURE OF PLANE
CHANNEL FLOW

Up to now, various Reynolds number effects in wall
turbulence are reported.  George & Castillo (1997) and
Barenblatt et al. (1997) suggest that the overlap region
between inner and outer scalings in wall-bounded tur-
bulence may yield a power law rather than a log law at
very high Reynolds number.  Moser et al. (1999) made
DNSs of fully developed turbulent channel flow at Reτ
= 180 ~ 590.  They found that the wall-limiting behav-
ior of the rms velocity fluctuation strongly depends on
the Reynolds number, but obvious low-Reynolds-num-
ber effects are absent at Reτ > 395.

In this chapter, the effect of Reynolds number on
the coherent structure in a low-to-moderate Reynolds
number range is examined by visualizing instantaneous
flow fields.

Near-wall coherent structures play an important role
in transport mechanisms in wall turbulence (e.g.,
Robinson, 1991; Kasagi et al., 1995).  The wall shear
stress is also associated with the near-wall streamwise
vortices (Kravchenko et al., 1993).  It is indicated by a
number of studies that the near-wall structures are self-
sustained through regeneration mechanisms (Brooke
& Hanratty, 1993; Hamilton et al., 1995; Jeong et al.,
1997).  Jimenez & Pinelli (1999) claim that the near-
wall region below y+  60 is self-sustaining and does
not depend on the outer flow.

Figure 1 shows a plane view (x - z) of an instanta-
neous flow field, in which the near-wall vortical struc-
tures identified with 3-D contours of the second in-
variant of the deformation tensor (Q+ < -0.02) as well
as the distribution of the wall shear stress are visual-
ized.  When Reτ = 110, most vortices are located near
the wall and aligned in the streamwise direction.  The
area of large skin friction is accompanied with the near-
wall streamwise vortices.  Although it is not shown
here, the production of turbulent energy is large on both
sides of the streamwise vortices, where the ejection/
sweep events occur (Robinson, 1991; Kasagi et al.,
1995).  It is found that this is also the case for Reτ =
650; the near-wall streamwise vortices are responsible
for the wall shear stress and the turbulent production
near the wall.

Figure 2 shows a plane view (x - z) of vortical struc-
tures at Reτ = 650.  Unlike at Reτ = 110, vortices seem
different in their scales and shapes.  It is found that the
vortices form clusters at some regions (e.g., area A in
Fig. 2), leaving some regions without vortices (e.g.,
area B in Fig. 2).  These densely-populated vortices
are in accordance with the packets of hairpin vortices
observed by Adrian et al. (2000).

Figure 3 shows a magnified 3-D view of a hairpin
vortex (area C in Fig. 2).  In addition to the sides of the
near-wall streamwise vortices, the region of large tur-
bulent energy production P+ is also located on the neck
of the vortex away from the wall at this higher Reynolds
number (Robinson, 1991).

When Reτ = 110, the cumulative production rate of
turbulent kinetic energy at y+ < 50 reaches 90% of the
total production (not shown here).  On the other hand,
the same region covers only 60% of the total produc-
tion when Reτ = 650.  Therefore, as far as the turbulent
energy production is concerned, the structures in some-
what outer layer should also play an important role.

Reτ Lx Lz Nx, Ny, Nz ∆x+ ∆yc
+ ∆z+

110 5π 2π 48, 64, 48 36.0 5.40 14.4

150 2.5π π 64, 96, 64 18.4 4.91 7.36

300 2.5π π 128, 192, 128 18.4 4.91 7.36

400 2.5π π 192, 256, 192 16.4 4.91 6.54

650 2.5π π 288, 256, 288 17.7 7.98 7.09

Table 1.  Computational parameters for the DNS of
turbulent channel flow.  ∆yc

+ is the y interval in the
center of the channel.

Figure 1  Plane view of near-wall coherent structures.
White, the second invariant of the deformation tensor
(Q+ < -0.02) below y+ = 20; Contours of the wall shear
rate τw

’+, Gray to Black, -1.0 to 1.0.  (a)Reτ = 110,
(b)Reτ = 650.

Figure 2  Plane view of vortical structures at Reτ =
650.  Gray, Q+ < -0.02.
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REYNOLDS NUMBER EFFECT ON FEEDBACK
CONTROL

Figure 4 shows the drag reduction rate under v-con-
trol versus the constant of α in Eq. (1).  Since the flow
rate is kept constant, the drag reduction rate is equiva-
lent with the ratio of the pumping power saved to the
pumping power.  The present result at Reτ = 110 is in
good agreement with the DNS data of Choi et al.
(1994); the drag reduction of about 20% is achieved
with α = 1.  The drag reduction rate is increased with
increasing α at each Reynolds number.  As a whole,
the drag reduction rate decreases as the Reynolds num-
ber is increased and eventually seems to reach some
asymptotic values.

Figure 5 shows the drag reduction rate versus the
power input ratio, which is the blowing/suction work
divided by the pumping power of driving fluid in the
channel.  Unlike in Fig. 4, when the Reynolds number
is increased while keeping the power input ratio con-
stant, the control effect is decreased drastically.  How-
ever, the drag reduction rate eventually becomes in-
sensitive to the Reynolds number at Reτ > 300.  Note
that two different control algorithms exhibit a similar
trend, but in general, the suboptimal control requires
less power input than the v-control scheme for the same
amount of the drag reduction.

Therefore, although the existing control algorithms,
of which major control target is the near-wall
streamwise vortices, are effective at all Reynolds num-
bers tested, the energy efficiency is deteriorated with
increasing the Reynolds number.  Thus, further study
of algorithms is required for high-Reynolds-number
flow control.  It is noted that the present result for feed-
back control is in accordance with the findings of Moser
et al. (1999) that obvious low-Reynolds-number effects
are absent at Reτ > 300 ~ 400.  Therefore, it is expected
that some clue for more advanced control scheme can
be obtained by comparing the underlying flow mecha-
nisms between Reτ ~ 100 and 300, although Reτ = 300
is not to be considered as a high Reynolds number.

INTERACTIONS BETWEEN COHERENT
STRUCTURES

In order to analyze the contribution of coherent struc-
tures to transport mechanisms, interactions between
coherent structures are investigated by using the
Karhunen-Loeve decomposition (Lumley, 1970).
Karhunen-Loeve Decomposition

The Karhunen-Loeve decomposition is based on the
decomposition of the fluctuating velocity field into a
sum of mutually orthogonal eigenfunctions ϕι  of the
two-point correlation tensor κij (Lumley, 1981; Moin
& Moser, 1989; Sirovich et al., 1990).

( ) ( ) ( ) ( ), , , , , ,
h

ij j ih
y y m n y m n dy m n yκ ϕ λ ϕ

−
′ ′ ′ =∫ ,

i, j = 1 - 3, (3)
where m and n denote wavenumbers in the x and z di-
rections, respectively, while λ denotes the eigenvalue.
The number of eigenvalue for each wavenumber index

pair (m, n) is three times of N2, which is the number of
grid points in the y direction.  Each eigenfunction is
specified with a triplet k = (m, n, q) (Webber et al.,
1997).  The three dimensional eigenfuction is a com-
plex valued vector field, which can be written as:

( ) ( ) 1 32 ( / / ), , , , i mx L nz Lx y z y m n e π +k kφ = ϕφ = ϕφ = ϕφ = ϕ . (4)
Any velocity field is decomposed as a linear superpo-
sition of the eigenfucntions as follows:

( ) ( ) ( ), t a t∑ k k

k
= φ= φ= φ= φu x x . (5)

Note that the eigenvalues λk represent the energy in
each KL mode (Lumley, 1981), so that eigenfunctions
can be sorted according to its contribution to the turbu-
lent energy.
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Figure 4  Drag reduction rate versus the constant of α
in Eq. (1).

Figure 5  Drag reduction rate versus power input ratio.

Figure 3  Vortical structures and turbulent energy pro-
duction at Reτ = 650 (area C in Fig. 2).  Gray, Q+ < -
0.02; Black, production of the turbulent kinetic energy
(P+ > 0.1).
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Turbulent Kinetic Energy of KL Modes
Figure 6 shows the most energetic eigenfunction of

the KL decomposition for Reτ = 110 and 300.  For both
Reynolds numbers, large-scale low and high speed re-
gions and large vortices homogeneous in the streamwise
direction are observed.  This fact is in accordance with
the result of Webber et al. (1997) for the minimal chan-
nel flow (Jimenez & Moin, 1991) at Reτ = 136.  The
wall elevation of the center of the vortices yv

+ is about
50 at Reτ = 110 and about 120 at Reτ = 300, respec-
tively.

Figure 7 shows the probability density function of
the location of a vortex yv, for eigenfunctions contrib-
uting to 50% cumulative energy.  It is found that yv is
scaled with δ except the near wall region and that the
average value of yv / δ is about 0.3 for both Reynolds
numbers.  Therefore, the structures having large con-
tribution to the turbulent kinetic energy are likely to be
the large streamwise vortices, which can be scaled with
the channel half-width.

Figure 8  Eigenfunction of the KL decomposition mak-
ing the largest contribution to the rms value of the wall
shear stress.  Velocity vectors in the cross-stream plane
and contours of the streamwise velocity fluctuation u’+

are shown.  Gray, u’+ > 0.15; Black, u’+ < -015.  (a)Reτ
= 110, (c)Reτ = 300.

Figure 6  The most energetic eigenfunction of the KL
decomposition.  Isosurfaces of u’+ and the second in-
variant of the deformation tensor Q+ are shown.  White,
u’+ > 0.15; Gray, u’+ < -015; Black, Q+ < 0.  (a)Reτ =
110, (b)Reτ = 300.

(a)

(a)

(b)

(b)

Figure 7  Probability density function of yv of top 50%
eigenfunctions in global coordinates.

Contribution of KL Modes to Skin Friction
In order to evaluate the contribution of KL modes

to the skin friction, the rms value of the wall shear stress
τw,rms of each KL mode is computed.  Figure 8 shows
the eigenfunction having the largest contribution to
τw,rms for Reτ = 110 and 300 in the cross-stream plane.
For both Reynolds numbers, low and high speed streaks
and near-wall streamwise vortices are observed.  The
eigenfunction at Reτ = 110 is homogeneous in the
streamwise directions, and yv

+ is about 34.  The
spanwise spacing of the structure ∆z+ is about 138.  On
the other hand, the eigenfunction at Reτ = 300 has one
wave number in the streamwise direction.  These struc-
tures are tilted away from the wall by a shallow angle,
and yv

+ and ∆z+ are about 31 and 134, respectively.
Figure 9 shows the probability density function of

yv for eigenfunctions making 50% contribution to the
cumulative rms value of the wall shear stress.  Unlike
the vortices accompanied with the most energetic struc-
tures, yv is not scaled with δ, but scaled with the wall
unit.  The average value of yv

+ is about 30 at both
Reynolds numbers.  Therefore, the structures having
large contribution to the fluctuation of skin friction are
associated with the near-wall streamwise vortices scaled
with wall units.  The present finding using KL decom-
position is in qualitative accordance with the visual-
ization result shown in Fig. 1 and the previous studies
(Robinson, 1991; Kravchenko et al., 1993).
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Figure 9  Probability density function of  yv for top
50% eigenfunctions for the rms value of the wall shear
stress in wall coordinates.
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Interactions between KL Modes
By using KL decomposition, the transport equation

of the turbulent energy for each KL mode can be calcu-
lated.  However, it requires huge computational load.
Thus, in this study, the KL modes are divided into
groups depending on yv, and the interaction between
these groups are examined.  The structure uα repre-
sents the superposition of the KL modes, of which yv is
in between yvα - ∆yv

 and yvα:

( ) ( ) ( ),
v v v vy y y y

t a t
α α

α
−∆ < <

≡ ∑ k kφφφφu x x
, (6)

where ∆yv
+ = 10 and 15 respectively for Reτ = 110 and

300.  The energy equation of uα leads to,

( )1 20
vy

u u U y
β

α β
+ + + += − ∂ ∂∑
( )

v v
i j i jy y

u u u x
β γ

α γβ
+ + + ++ − ∂ ∂∑ ∑

i iu p xα
+ + ++ − ∂ ∂

21 Re
v

i i j jy
u u x x

β
τ α β

+ + + ++ ∂ ∂ ∂∑ , (7)

where the first, second, third and fourth terms of RHS
correspond to the production, nonlinear interaction,
pressure and viscous terms, respectively.  The bracket

 denotes the time-space average.
It is found that the production term  has non-zero

value only when yvα
 = yvβ for both Reynolds numbers

(not shown).  Thus, the turbulent kinetic energy of the
structure uα is generated through the Reynolds shear
product with the same structure uα.  The production
has a large peak at yvα

+ = 30, which is in accordance
with the previous studies showing that turbulence pro-
ducing event is located on the sides of near-wall vorti-
ces (Kasagi et al., 1995).

Figure 10 shows the nonlinear interaction term of
the structures for Reτ = 110.  For u30 (yvα

+ = 30), two
negative peaks are observed at (yvβ

+, yvγ
+) = (30, 20)

and (30, 60).  On the other hand, u20 (yvα
+ = 20) and

u60 (yvα
+ = 60) have a positive peak at (yvβ

+, yvγ
+) =

(30, 30) as shown in Figs. 10(a) and (c).  Thus, the
structure of u30 loses the turbulent kinetic energy
through the nonlinear interaction, and the energy is
transferred to the structures of u20 and u60.  Therefore,
the nonlinear interaction for Reτ = 110 is similar with
the turbulent diffusion, in which the turbulent energy
is transferred from the buffer region to the viscous
sublayer and the outer layer.

Figure 11 shows contours of nonlinear interaction
term for Reτ = 300.  It has a negative peak at (yvβ

+,
yvγ

+) = (30, 15) for yvα
+ = 30, and a positive peak at

around (yvβ
+, yvγ

+) = (30, 30) for yvα
+ = 15.  Thus, the

similar energy transfer mechanism from u30 to the vis-
cous sublayer is present at the higher Reynolds num-
ber.  On the other hand, the nonlinear interaction (yvβ

+,
yvγ

+) = (60, 60) at yvα
+ = 30 is positive value, while the

interaction at yvα
+ = 60 is negative at around (yvβ

+, yvγ
+)

= (60, 30).  Therefore, at Reτ = 300, the structure of
u30, which makes the largest contribution to the skin
friction, gains energy from the structure somewhat away

Figure 11  Contours of the nonlinear interaction term
between KL modes for Reτ = 300.  The contour levels
range from -0.004 to 0.004 by increments of 0.0004.
Negative contours are dotted.  (a)yvα

+ = 15, (b)yvα
+ =

30, (c)yvα
+ = 60.
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Figure 10  Contours of the nonlinear interaction term
between KL modes for Reτ = 110.  The contour levels
range from -0.004 to 0.004 by increments of 0.0004.
Negative contours are dotted.  (a)yvα

+ = 20, (b)yvα
+ =

30, (c)yvα
+ = 60.
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from the wall through the nonlinear interaction.
It is noted that the mean value of the nonlinear in-

teraction for yvα
+ = 30 is small at yv

+ > 100 (Fig. 11(b)),
and the rms value based on only temporal averaging of
this interaction is also small at yv

+ > 100 (not shown
here).  Therefore, u30 is free from the nonlinear inter-
action from the large-scale outer structures.  More de-
tailed analysis using KL modes is required in order to
elucidate the dynamics of the near-wall structures and
their mutual interaction.
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TOWARD EFFICIENT FEEDBACK CONTROL
ALGORITHM

Although the nonlinear interaction is the central
mechanism in isotropic turbulence, the linear process
is also considered to be important for wall turbulence.
Lee et al. (1990) found that the formation of streaky
structures is essentially linear mechanism.  Kim & Lim
(2000) show that the linear coupling term in the wall-
normal vorticity equation is crucial for turbulence sus-
tenance. The importance of linear process for wall tur-
bulence is also supported by the fact that the direct sup-
pression of the near-wall vortices responsible for the
wall-skin friction leads to large drag reduction.  More-
over, the efficient suboptimal control algorithm pro-
posed by Lee et al. (1998) is based on linearized Navier-
Stokes equations.

However, when the Reynolds number is increased,
the contribution of outer structures to turbulent energy
is also increased.  Thus, the nonlinear interaction be-
tween near-wall and larger structures might play im-
portant role in the self-sustaining mechanism of wall
turbulence.

It is shown in the present KL decomposition that
the effect of the nonlinear interaction is actually in-
creased at a higher Reynolds number.  However, the
interaction with the near-wall vortices is confined in
relatively near-wall region, y+ < 100.  The increase of
the nonlinear mechanism in dynamics of turbulence is
in accordance with the visualization of vortices pres-
ently made, where the clusters of vortices are formed
in higher Reynolds number.  Moreover, the efficiency
of existing feedback control algorithms is decreased
with increasing Reynolds number.  Therefore, nonlin-
ear interaction near the wall should also be taken into
account.

CONCLUSIONS
Direct numerical simulation of turbulent channel

flow was made in order to evaluate the performance of
feedback control algorithms.  KL decomposition is
applied to examine the effect of interaction between
near-wall and outer structures quantitatively.  The fol-
lowing conclusions are derived:
1) The energy efficiency of v-control and the subopti-

mal control is deteriorated with increasing the
Reynolds number.

2) The KL modes, which make large contribution to
the wall shear stress fluctuation, are accompanied
with near-wall streamwise vortices and streaky struc-
tures, which are scaled with wall units.

3) The effect of nonlinear interaction between KL
modes are increased at a higher Reynolds number,
Reτ = 300.  However, the interaction with the near-
wall vortices is confined in relatively near-wall re-
gion of y+ < 100.
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