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Abstract -  Optimal control theory based on the Frechet derivative of a cost function was applied to
simultaneous control of turbulent heat transfer and skin friction with local blowing/suction on the wall,
and its performance was evaluated by using a direct numerical simulation of a turbulent channel flow.
Spatio-temporal relationship between the near-wall coherent structures and the distribution of control
input is examined in detail for different cost function.  It is found that the control input optimized for drag
reduction and that for heat transfer augmentation are mostly 180 degrees out-of-phase each other, when
the wall-normal gradients of velocity and temperature are directly employed in the cost function.  On the
other hand, the distribution of control input aiming at reducing turbulent intensity is very similar to that
for the v-control scheme (Choi et al., 1994), and is mostly 180 degrees out of phase with the control input
aiming at increasing temperature variance.  By employing the wall-normal gradients of velocity and
temperature simultaneously in the cost function, heat transfer augmentation is achieved with a smaller
expense of the skin friction.

1. Introduction
Management of turbulent flow and associated scalar transport in various engineering ap-

plications should lead to significant benefits for saving energy and protecting the environment.
Due to the inherent similarity between momentum and scalar transport especially in the vicinity
of the wall[1, 2], it is difficult to achieve drag reduction and heat transfer augmentation simulta-
neously, when conventional control methodologies are employed.

Recently, active feedback control attracts much attention because of its marked control
effect with small energy input[3, 4].  Among various control schemes, the optimal control theory
based on the Frechet derivative[5] of a cost function is one of the most powerful techniques.
Bewley et al.[6] applied a suboptimal control procedure to turbulent channel flow and obtained
about 17% drag reduction in their direct numerical simulation (DNS).  Lee et al.[7] derived an
analytical solution of the suboptimal control through the Fourier transform.  The computational
load for determining the control input is significantly reduced, and 22% drag reduction is ob-
tained.  Moin & Bewley[8] applied an optimal control procedure to turbulent channel flow and
found over 50% drag reduction.

The objectives of the present study are to apply the optimal control theory to simultaneous
control of velocity and thermal fields, and to evaluate its performance through DNS of a fully-
developed turbulent channel flow.  Spatio-temporal relationship between the control input and
the near-wall coherent structures is also investigated in detail.

2. Problem Formulation and Numerical Procedure
The problem under consideration is a turbulent channel flow with heat transfer, where the

two walls are kept isothermal, but at different temperatures.  The governing equations are the
incompressible Navier-Stokes equation, the continuity equation, and the energy equation, i.e.,
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where 1x , 2x , and 3x  are the streamwise, wall-normal, and spanwise directions, respectively.
The quantities are non-dimensionalized with the wall friction velocity τu , the channel half-
width δ , and the temperature difference between two walls.  Periodic boundary condition is
employed in the −1x  and −3x  directions for the velocity and thermal field. As a control input
φ , local blowing/suction is assumed on the wall, and is written as:

( )t,x,xu
wall 312 φ= . (3)

The Reynolds Number τRe  based on τu  and δ  is 100, while the Prandtl number Pr  is 0.71.
A second-order finite difference scheme and a fractional step method[9] are employed for

the spatial and temporal discretization, respectively.  The number of grids is chosen as
9612996 ××  with a computational domain of πδδπδ ××252.  in the −1x , −2x , and −3x  di-

rections.  Fully-developed turbulent flow is chosen as the initial condition and the flow rate is
kept constant during the present calculation.

3. Optimal Control Procedure
The control input φ  is determined by the same procedure as Moin & Bewley[8], so as to

minimize the cost function. With their procedure, the Navier-Stokes equation is integrated from
0=τ  to T=τ , and then the adjoint equation is solved backward from T=τ  to 0=τ  in order

to calculate φ . The optimum distribution φ  is determined by repeating this cycle until it con-
verges.  The cost function to be minimized in the present study is defined as follows:
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where l , m, h  and k  are the weighting factors, while iu′  and θ′  denote the fluctuating velocity
and temperature, respectively.  The first term represents the cost for control.  The second and
third terms are respectively the measures of wall friction and heat transfer integrated over the
wall surface and a finite time period T.  On the other hand, the fourth and fifth terms are the
measures evaluated at the end of the control period, and correspond to the volume integral of the
turbulent kinetic energy and that of the temperature variance, respectively.  The time period of
the optimal control should be large enough if compared with the characteristic time scale of the
near-wall coherent structures to be controlled.  However, since it is necessary to store all the
instantaneous flow field to solve the adjoint equation, T is chosen as 16 viscous time units in the
present study due to the limitation of the computer memory.

In the following section, we first set each of the weighting factors in Eq. (1) to be nonzero,
and evaluate the optimal control of skin friction and that of  heat transfer independently.  Then,
the simultaneous control of heat transfer and skin friction is examined by employing non-zero
values for two weighting factors at the same time.

4. Computational Result
The weighting factors adopted in the present study and the resultant statistics are summa-

rized in Table 1.  The weighting factors listed in Table 1 are determined in such a way that the
cost for control (the first term in Eq. 4) at the initial time instant is same as that for the active
cancelation (v-control, hereafter)[10].  In the present study, the control input in v-control is deter-
mined as 102 =+−=

y
uφ .  Figure 1 shows time traces of the skin friction coefficient fC , and the

Nusselt number Nu, in Cases A and C, which are normalized with those in the case of the



unmanipulated flow.  For comparison, fC  and Nu obtained in v-control are also plotted.  By
repeating the optimal control time period of 16=+T , fC  and Nu are decreased by about 10%
in Case A and about 20% in Case C, respectively.  On the other hand, fC  and Nu are increased
by almost the same amount for both Cases B and D as listed in Table 1.  In Cases A and C, the
cost for control is smaller than that of v-control by about 70% and about 50%, respectively.
Thus, the present optimal control should give substantial control effects with relatively small
control input, although the optimal time period are much shorter than that employed by Moin &
Bewley[8]( 100=+T ).

Figure 2 shows an instantaneous velocity field in the y-z plane, and the control input nor-
malized by its rms value.  For comparison, the distributions of the control input derived from the
v-control and the suboptimal control procedure[7] are also plotted in Fig. 2(b). The cost function
of the suboptimal control is chosen as,
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which is the same as the present one, whilst the time integral in Eq. (4) is omitted.
In Fig. 2(a), a near-wall streamwise vortex is observed at around 1303 =+x .  The blowing/

suction rate on the wall determined with the v-control is 180 degrees out-of-phase with the wall-
normal velocity at 102 =+x  as designed.  The present control for Case A gives a similar distribu-
tion with that of the v-control, so that effective control is expected through selective manipula-
tion of the streamwise vortices.  However, the control input determined with the suboptimal
control procedure of Lee et al.[7]  exhibits a different trend; φ  is in phase with 2u′  in the buffer
layer.  Therefore, as Lee et al.[7] reported, their procedure is inappropriate when the skin friction
is directly included in the cost function.

Figure 1: Time traces of the relative changes in Nu and fC .
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Table 1: Weighting factors and resultant statistics for controlled cases examined.
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Figure 3(a) shows a magnified view of the velocity vectors around the streamwise vortex
and the regions of large shear products 21uu ′′ .  As reported by previous studies[11, 12],  the sweep
(Q4) and ejection (Q2) events occur on the downwash and upwash sides of the vortex, respec-
tively.  On the other hand, a region of strong outward interaction (Q1) exists underneath the
vortex.  Although the control input in Case A is in accordance with that of the v-control in the
regions of the Q2 and Q4 events, it exhibits a different trend near the Q1 event as shown in Fig.
3(b).  It is also noted that the magnitude of blowing in Case A is generally larger than that for the
v-control, whilst suction is smaller in both control cases.  Moreover, the area where suction is
applied in Case A occupies about 60% of the wall surfaces as described later in Fig. 4(a), which
is larger than that for the v-control.

 Figure 4 shows the temporal evolution of the control input φ  in Case A.  The regions of
strong blowing/suction are elongated in the streamwise direction, and aligned side by side in the
spanwise direction.  Although the magnitude of blowing/suction rate is decreased with time, the
spatial distribution of φ  is unchanged qualitatively.  It is also found that these regions propagate
at a speed of 10≈+

cU , which is in accordance with the propagation velocity for 1u′  near the
wall[13].  Therefore, the present optimal control in Case A should selectively apply the control
input to the near-wall coherent structures.
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Figure 3: (a) Magnified view of the instantaneous velocity vectors of Fig. 2(a) and contour
lines of 2

τu/vu ′′ =0.5.  (b) Distributions of control input.
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Figure 2: (a) Instantaneous velocity vectors in the y-z plane.
(b) Spanwise distribution of control input.
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The control target for Case B is to enhance the heat transfer on the wall (0≠m ,
0=== khl ).  Figure 5(a) shows the control input determined for the same cross-section as in

Fig. 2(a).  It is striking that the control input for Cases A and B is mostly 180 degrees out-of-
phase.  This is because, due to the inherent similarity between heat and momentum transfer near
the wall, the regions of large turbulent heat flux (θ′′− 2u ) correspond well to those of large
Reynolds shear stress. As in Case A, the regions of strong blowing/suction are elongated in the
streamwise direction, and have a propagation velocity of about 10≈+

cU , although the sign of φ
is opposite in most regions.

In Case C, the turbulent kinetic energy at the end of control period is included in the cost
function ( 0≠h , 0=== kml ).  Figure 5(b) shows the control input determined for the same
cross-section as Fig. 2(a).  It can be said that the distribution of control input for Case C is very
similar to that of v-control in the region close to the isolated streamwise vortex.  However, in the
region where several vortices interact with each other (at around 2703 =+x ), the control input of
Case C is different from that of v-control.  In Case D, the temperature variance is included in the
cost function ( 0≠k  , 0=== hml ).  It can be observed in Fig. 5(b) that the control input for
Cases C and D are again mostly 180 degrees out-of-phase.  Although it is not shown here, the
regions of strong blowing/suction are elongated in the streamwise direction as in Cases A and B,
and have the same propagation velocity of about 10≈+

cU .
It is now clear that separate control of skin friction and heat transfer presently examined

preserves similarity between heat and momentum transfer.  In the following section, possibility
of the dissimilarity is examined by employing two terms of RHS of Eq. (4) simultaneously.

Figure 4: Temporal evolution of the control input in Case A.  Negative contours are dashed.
The contour levels range from τφ u/  = -0.6 to 0.6.
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Figure 5: Control input applied in the same zy −  plane with Fig. 1(a).
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Suzuki et al.[14] propose conditional analysis (“octant analysis”) by taking into account the
signs of 1u′ , 2u′  and θ′ , in order to investigate the detailed mechanism of the turbulent heat
transfer.  Instantaneous velocity and temperature fluctuations are classified into eight events
(O1-O8) as shown in Table 2.  Events in the 2nd, 4th, 6th and 8th octant contribute positively to

21uu ′′− , whilst those in the 1st, 3rd, 5th or 7th octant negatively to 21uu ′′− .  On the other hand,
events in the 1st, 2nd, 7th or 8th octants contribute positively to θ′′− 2u , whilst those in the 3rd,
4th, 5th or 6th octant negatively to θ ′′− 2u .  Thus, cold ejection (O2) and hot sweep (O8) always
make positive contribution to both  heat and momentum transfer.  Cold wallward interaction
(O3) and hot outward interaction (O5) have negative contribution to both heat and momentum
transfer.  All of these events contribute to similarity between velocity and thermal field.  On the
other hand, the other four events (O1, O4, O6, O7) contribute to the heat and momentum transfer
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Figure 6: (a) Distribution of O1, O4, O6 and O7 in the same zy −  plane with Fig. 2(a).
(b) Spanwise distributions of control input.

Table 2: Octant analysis[14]
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in the opposite way.  Therefore, dissimilarity between turbulent transport of heat and momentum
can be expected when these events are strengthened through the present control.

Figure 6(a) shows the distribution of O1, O4, O6 and O7 in the same zy −  plane as in Fig.
2(a).  Although we could expect substantial dissimilarity between heat and momentum transfer
when these events are active, it is shown in this figure that they are rather sparsely distributed in
space.  Moreover, as shown in Fig. 7, their fractional contribution to the Reynolds stress and the
turbulent heat flux is negligibly small if compared with the other events having positive contri-
bution to the similarity.

Figure 6(b) shows the distribution of φ  in Cases A, B, and E, where φ  is normalized by its
rms value in each case.  The control input in Case E has peaks at the spanwise location where
that of Cases A and B is in phase.  These regions correspond well to O1, O4, O6 and O7.  It is
also indicated that the control input in these regions has the same sign of 2u′  near the wall, which
might strengthen these events.

Figure 8 shows time traces of fC  and Nu in Cases E and F.  In Case E, both fC  and Nu
are increased, so that substantial dissimilarity between heat and momentum transfer is not de-
rived in this case, either.  However, at 10<+τ , Nu is increased by a somewhat larger amount
than that for fC .  In Case F, the relative changes for both Nu and fC  are gradually increased,
but the changes in fC  is smaller than that for Nu.

Figure 9 shows the temporal evolution of the control input in Case F.  At 0=+τ , the
distribution of the control input is similar to that of  Case A.  However, at 46.>+τ , the regions
having large blowing/suction rate exist near the strong vortices, and can be divided into two
different groups.  One group exhibits similar distribution with that in Case A, where φ  is oppo-
site to 2u′  induced by the vortices.  On the other hand, φ  in the another group is in phase with the

2u′ .  Therefore, the distribution of the control input for Case F consists of patches of those for
Cases A and D.
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Figure 9: Temporal evolution of the control input in Case F.  Negative contours are dashed.
The contour levels range from τφ u/  = -0.4 to 0.4.
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5. Conclusion
The optimal control theory based on the Frechet derivative of the cost function was ap-

plied to simultaneous control of heat transfer and skin friction by using local blowing/suction on
the wall.  Various kinds of cost function were examined and their performance was evaluated by
using direct numerical simulation of a turbulent channel flow.  The following conclusions can be
derived:

1) The control input optimized for drag reduction is similar to that determined by v-control,
and is 180 degrees out-of-phase with the wall-normal velocity in the buffer layer.  On the
other hand, the control input optimized for heat transfer augmentation is mostly in-phase
with it.

2) The distribution of the control input aiming at reducing turbulent intensity is similar to that
of v-control, and this input is mostly 180 degrees out-of-phase with the control input aim-
ing at increasing temperature variance.

3) The inherent similarity between velocity and thermal field in the near-wall region is pre-
served when separate control for the heat transfer or the skin friction is applied.  However,
when the measures of heat transfer and skin friction are simultaneously employed in the
cost function, heat transfer augmentation can be obtained with a smaller expense of the
skin friction, although the magnitude of the dissimilarity is somewhat small in the control
cases presently examined.
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